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Abstract 

In this paper we study derivations in subalgebras of Lq ° (i^; C, (X)), 
the algebra of ah weak operator measurable funtions f : S C (X), 
where C (X) is the Banach algebra of all bounded linear operators 
on a Banach space X. It is shown, in particular, that all derivations 
on Lq ° (u; L (X)) are inner whenever X is separable and infinite di- 
mensional. This contrasts strongly with the fact that {y\C (X)) 
admits non-trivial non-inner derivations whenever X is finite dimen- 
sional and the measure v is non-atomic. As an application of our 
approach, we study derivations in various algebras of measurable op- 
erators affiliated with von Neumann algebras. 

1 Introduction 

It follows from recent results ([2], [3]) that the algebra Lq [y) of all (equiv- 
alence classes of) z/-measurable functions on a measure space (S', E, t/) does 
not admit non-trivial derivations if and only if the Boolean algebra of all 
i/-measurable subsets of S is atomic. Thus, if v is atomless, then the algebra 
Lq iv) admits non-trivial derivations 5 which are obviously not inner and also 
not continuous with respect to the topology of convergence in measure. If 
X is a finite dimensional Banach space, then it is straightforward that any 
such derivation extends " coordinatewise" to a non-trivial non-inner deriva- 
tion on the algebra L^iy] L[Xy) of all (Bochner) i/-measurable functions 
f : S ^ C (X). However, if X is an infinite dimensional Banach space, then 
the situation changes drastically. 

Suppose now that X is an infinite dimensional separable Banach space 
and let Lq° {u; £ (X)) be the algebra of all weak operator i/- measurable func- 
tions / : 5 — *• C{X) (see Section [3] for precise definitions). It follows from 
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one of the main results of the present paper (see Theorem I5.17P that every 
derivation in Lq" (z/; £ (X)) is necessarily inner and hence continuous with 
respect to the topology of convergence in measure. Actually, Theorem 15.171 
shows that similar results hold for a large class of appropriate subalgebras 
(so-called admissible subalgebras) of Lq° (z/; £ {X)). It should be pointed out 
that, specializing to the case that the underlying set S consists of one point, 
we recover the classical result of P. Chernoff ([S]), who showed that every 
derivation on C {X) is inner (answering a question raised by S. Sakai in [T6] . 
Section 4.1). 

Interesting applications of our approach and techniques lie in the realm 
of the theory of non- commutative integration on semi-finite von Neumann 
algebras, initiated by I.E. Segal ([IE])- The classical spaces of measurable 
operators associated with an arbitrary pair {Ai, r) of a semi-finite von Neu- 
mann algebra A4 and a faithful normal semi-finite trace r are the following: 

(i) . the space of all measurable operators S (M.), introduced by Segal ([H]); 

(ii) . the space of all locally measurable operators LS {A4), introduced by S. 

Sankaran ([IT]; see also F.J. Yeadon's paper [22]): 

(iii) . the space S (r) = S'(A^,r) of all r-measurable operators, first consid- 

ered by E. Nelson ([12j). 

It should be noted that always S (t) C S (M.) C LS (M.) (some of the 
relevant definitions may be found at the beginning of Section [6]). For some 
of the simplest examples of von Neumann algebras of type /, we have 

S{t)=S{M)=LS{M). (1) 

For example, the equalities ([T]) hold in the special case {M., r) = (Lqo (z^) , z^), 
where the trace u is given by integration with respect to a finite measure u. 
Similarly, if if is a Hilbert space and Ai = B [H) is the von Neumann algebra 
of all bounded linear operators in H (so, B [H) = C {X) as Banach algebras, 
with X = H), equipped with the standard trace r = tr, then the equalities 
([T]) hold (and these algebras coincide with the von Neumann algebra B [H) 
itself). However, these equalities do not hold any longer for the von Neumann 
algebra M. = Loo ®B (H), equipped with the tensor product trace r = 
u tr, whenever u is non-atomic and H is infinite dimensional (see Remark 
I6.20p . As will be seen in Section [6l in this latter case, our general results for 
derivations on subalgebras of Lq° {u; C {X)) have implications for each of the 
algebras listed above. 

Firstly, it will be shown that the algebra Lq ° (z/; B (H)) may be identified 
with the algebra LS (Ai) of all locally measurable operators affiliated with 
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Ai = Loo {^) ®-B (H) (see Proposition I6.3p and therefore, every derivation 
on LS (Ai) is inner. This resuh has already been obtained in [T], through 
methods based on the theory of Kaplansky-Hilbert modules. Our approach 
is different and we believe that the methods based on the realization of the 
algebra LS (Ai) as a space of operator- valued functions provide additional 
insight into the matter. For example, the following observation, which seems 
to have escaped the attention, exhibits itself: topology of convergence lo- 
cally in measure in LS (At), as introduced by Yeadon in [22], coincides with 
the natural topology of convergence in measure on sets of finite measure in 
{u; B (H)) (see Remark El- 

The effectiveness of our approach is illustrated further by showing that 
the results of Section E] may be apphed to show that derivations on the alge- 
bras S (At) and S (r) are also inner (see Corollary 16.181) . These applications 
are not straightforward and require some additional techniques (see Section 
[6], in particular. Proposition 16.171 and its proof), which may be of indepen- 
dent potential interest. Furthermore, the notion of admissible subalgebra of 
Lq ° {u; C (X)) (see Section^]) is flexible enough to include also the ideal 5*0 (r) 
in S (t) of all r-compact operators (see Proposition 16.71) . Consequently, also 
derivations on So (r) are discussed (see Corollary 16. 8p . 

In Section [2] some basic notation and terminology is introduced and in 
Section [3] some necessary results concerning vector- valued and operator val- 
ued functions are established. Section H] exhibits some elementary algebraic 
properties of derivations, which will be used in the subsequent sections. In 
Section [5l which contains one of the main results of the paper (Theorem 
I5.17p . we study in detail derivations on admissible subalgebras of the algebra 
Lq° {u; C {X)). Finally, in the last section, the results of Section [5] will be 
applied to derivations on algebras of measurable operators affiliated with a 
von Neumann algebra Ai = L^o (ly) (H). 

Acknowledgement 1.1 The authors thank Sh.A. Ayupov for the preprint 
fJ^ and V.L Chilin for his continuing interest. The third author would like to 
thank the Delft Institute of Applied Mathematics for its hospitality and the 
Thomas Stieltjes Institute for Mathematics for its support during his stay in 
Delft as a Visiting Stieltjes Professor in June and July 2008. 

2 Notation and terminology 

If X is a (complex) Banach space, then X* denotes its Banach dual space. 
The value of a functional x* G X* at x G X is denoted by (x, x*). The Banach 
algebra of all bounded hnear operators in X is denoted by C (X) and its 
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multiplicative unit is the identity operator 1 = Ix- The subalgebra of L (X) 
consisting of all finite rank operators is denoted by T {X\ Furthermore, 
/C (X) is the Banach algebra of all compact operators. Evidently, T (X) C 
/C (X) C C (X). If p G £ (X) is a projection (that is, = p), then its range 
Ran (p) will also be denoted by Xp. Hence, X = Xp©Xp±, where p-*- = 1 — j9. 
The algebra L (Xp) may be identified with a subalgebra of L (X) as follows. 
Given T G £(Xp), define T G >C (X) by setting Tx = Tx, x G Xp, and 



Tx = 0, X G Xp±. Note that 



T 



^^^^ < lbll£(X) • 



The map T i — > T is an algebraic isomorphism from C (Xp) onto the subal- 
gebra 

pjC {X)p= {pSp -.See (X)} = {S eC{X):S = pSp} 

of C (X). It should be observed that the identification of the algebra £ (Xp) 
with a subalgebra of £ (X) depends on the choice of the specific projection 
p onto Xp. 



3 Spaces of vector- valued functions 

Next, we recall some facts concerning vector- valued and operator- valued 
functions, and introduce some relevant notation. For the general theory 
of vector- valued measurable functions, the reader is referred to [7j. Given a 
non-empty set S and a (complex) vector space V, if f : S ^ C and v E V, 
then the function f v : S ^ V is defined by setting (/ (g) v) (s) = / (s) v, 
s G S". If, in addition, S is a cr-algebra of subsets of S, then sim (S; V) denotes 
the vector space of all S-simple V^-valued functions, that is, / G sim (S; V") 
if and only if / is of the form / = XAj ® "^jj with Aj G S and Vj G V 

(j = l,...,n; n G N). Note that, without loss of generality, it may be 
assumed that Ai fl = whenever i ^ j. 

Let F be a (complex) Banach space and (5, S, v) be a complete a-finite 
measure space (so, S equals the a-algebra of all i/-measurable sets). As- 
sume that r is a linear subspace of Y* which contains a countable norm- 
ing subset for Y (that is, there exists a sequence {yn}'^^i in F such that 
llylly = sup„ \{y,y^\ for all y E Y; note that this implies that ||?/*||y, < 1 
for all n). A function f : S ^ Y is called u -measurable with respect to 
F if the scalar functions s i — > {f{s),y*), s G S", are //-measurable for all 
y* E T (see e.g. [7], Section II. 1). The linear space of all such valued 
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measurable functions is denoted by Cq {u; Y) and £^ {u; Y) is the subspace 
of Cl {v; Y) consisting of all i/-essentially bounded functions. The following 
simple observation will be used. 

Lemma 3.1 // / G Cq{i';Y), then the function s i — >• ||/(s)||y, s e S, is 
v -measurable. 

Proof. If {yn}^=i C r is a norming subset, then 

||/(.)||y = sup|(/(.),i/:)|, seS. 

n 

Since the functions s i — | (/ (s) ,y*)\, s e S, are i/-measurable for all n, the 
statement of the lemma is now clear. ■ 

A function / e £q {u; Y) is called a v-null function if / (s) = i/-a.e. on 
S. Using the assumption on F, the following lemma is easily proved. 

Lemma 3.2 If f E Cq i^'^y), then the following two statements are equiva- 
lent: 

(i). f is a V -null function; 

(a), for every y* G F the scalar function s i — > (/ (s) , y*), s & S, is a u-null 
function. 

The space of all i/-null functions is denoted by A/'(z^;F). Note that 
jV(i/; F) is a hnear subspace of both CKu^Y) and The spaces 

Lq (i/; Y) and {u; Y) are defined by setting 

Ll {ly; Y) = 4 {y- Y) /M {y- Y) , {y; Y) = C^^ {u; Y) /M {v- Y) , 

respectively. Equipped with the norm ||-||^, given by 

||/|L = esssup,,5||/(.)||y, /eL^(z/;F), 

it is easily verified that (z/; F) is a Banach space. Note that the algebraic 
tensor products Lq [y) ® Y and Loo iy) ® ^ may be identified with linear 
subspaces of Lq {y \ Y) and {y \ Y) , respectively. 

Remark 3.3 In the 'present paper we shall be dealing with the following two 
special cases of this general setting. Suppose that X is a separable (complex) 
Banach space. Let {xn}'^^-^ be dense in the closed unit ball of X and suppose 
that a;* G X* is such that lla;*!!^^.. = 1 and (a;„,a;*) = for each n G N. 
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(a) . The sequence is norming for X. Hence, T = X* satisfies 

the requirements for Y = X . It follows from the Pettis measurability 
criterion (see e.g. Theorem 11.1.2) that the v -measurable functions 
with respect to T are precisely the Bochner //-measurable functions. In 
this case, the spaces Lq* (z/; X) and (z/; X) will be denoted simply 
by Lq {u; X) and {u; X), respectively. 

(b) . Let C {X) be the Banach algebra of all bounded linear operators in X . 

For X E X and x* G X* , define the linear functional x ® x* E C (X)* 
by setting 

{T,x0x*) = {Tx,x*) , TeC{X), 

and let r = X ^ X* , the linear span o/ {x ® x* : x G X, x* G X*} in 
C (X)*. It is clear that {x„ ® x^ : n,m & N} is a countable norming set 
for Y = C (X). The C {X) -valued v -measurable functions with respect 
to X ® X* will be called weak operator i/-measurable functions and 
the space (i/; C (X)) IS denoted by {u; C (X)). The spaces 

L^®^* {u; C (X)) and L^®^* (z/; C (X)) are denoted by {v- C (X)) 
and (z/; C (X)), respectively. Similar notation will be used if C (X) 
is replaced by any closed subspace ?B of C{X). It should be observed 
that, by the Pettis measurability criterion, a function f : S ^ C (X) is 
weak operator u-measurable if and only if for each x G X the X -valued 
function s \ — > f (s) x, s & S, is Bochner u-measurable. 

Returning to the general setting, the space Lq (z/; Y) is equipped with the 
vector space topology Tq of convergence in measure on sets of finite measure. 
A neighbourhood base at for % is given by the sets 

ViA;E,6) = {/ G Lj; (z/;F) : z/{s G A : > e} < 5} , 

where e,6 > and A ranges over all z/-measurable subsets of S satisfying 
u (A) < oo. The topology % is metrizable, induced by the translation invari- 
ant metric do given by 

where {^n}^i is a partition of S into z/-measurable sets satisfying < 
u (An) < oo for all n (note: the metric do depends on the choice of the par- 
tition {An}'^^^). A sequence {/n}^i in Lq converges to / G Lq (z/; Y) 
with respect to Tq if and only if every subsequence {/rifcjfcLi has a subse- 
quence |/nfc . I such that /nj.. (s) — >• / (s) with respect to the norm in Y 
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as j — > oo, z/-a.e. on S. This is also equivalent to 

\imiy{seA:\\U{s)-f{s)\\y>e}^0 

n—foo 

for every e > and every i/-measurable set A C 5* with u (A) < oo. The 
reader is advised to keep in mind that, in general, Lq (z/; Y) is not a Banach 
algebra. The following observation will be important. 

Lemma 3.4 The space Lq {u; Y) is complete with respect to the topology Tq. 

Proof. For the sake of convenience, we present the proof for the case that 
v (S) < oo. The extension to the general a-finite case is easy. If i/ (S) < oo, 
then it may be assumed that the metric do is given by 

Suppose that {/n}^i is a Cauchy sequence in Lq (t/; Y). By passing to a sub- 
sequence, it may be assumed, without loss of generality, that do {fn+i, fn) < 
2-" for all neN. This implies that 

/ / "i fTT „ , duls) < OO 

and so, there exists a i/-measurable set £^ C 5" such that u {S\E) — and 

^ \\fn+l{s)- fn{s)\\y 
^l+||/n+l(.)-/n(.)||^^'°' 

It is easy to see that this imphes that 

oo 

J2\\fn+l{s)- fn{s)\\Y<00, SEE. 



n=l 



Since F is a Banach space, the series Yl'^=i (/n+i (*) ~ fn (*)) is norm con- 
vergent in Y for all s & E. Defining 

oo 

f{s) = f,{s) + J2iUl{s)-fn{s)), seE 

n=l 

and / (s) = 0, s G S\E, it is clear that /„ (s) f (s) z/-a.e. on S and 
/ e I/Q ° (i/; Y) (as / is the z/-a.e. pointwise limit of a sequence of functions 
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in Lq° (z/; Y)). It will be shown next that cIq {fn, f) a.s n ^ oo. Given 
e > 0, there exists N E N such that 



\\fn{s)-fm{s)\\y 
Sl+\\fn{s)-fm{s)\\y 



-du is) < e 



for all n,m > N. Letting m — oo, it follows from the dominated convergence 
theorem that 



\\fnis)-fis)\\y 



-du (s) < e, 



l,l+\\f^{s)-fis),y 

that is, do {fn, f)^£ for all n> N. This suffices to prove the lemma. ■ 

If a G Lq^u) and / G Lq (z/;y), then the function af G Lq (u-jY) is 
defined by setting (a/) (s) = a(s)/(s), z/-a.e. on S. With respect to this 
action, Lq (z/; Y) is an Lq (z/)-module. Similarly, (z/; F) has the structure 
of an Loo fz/)-module. 



Definition 3.5 A linear operator T : Lq (z/; Y) Lq {u; Y) is called Lq (z/)- 
linear ifT (af) = aT (/) for all f E Lq (z/; Y) and all a E Lq (z/). The unital 
algebra of all Lq {v)-linear operators in Lq (z/; Y) which are continuous with 
respect to Tq is denoted by Cl^) {Lq {u]Y)). Similarly, the unital algebra of 
all Loo {i') -linear operators in L^ {i^]Y) which are continuous (with respect 
to the norm in L^ {v; Y) ), is denoted by Cl^ (L^ (z/; y)) . 

Remark 3.6 It may be of some interest to observe that (L^ (z/; Y)^ 
coincides with the algebra of all L^o iy) -linear operators in L^ (z/; Y) which 
are continuous with respect to the topology Tq. Indeed, if T is an L^o (z/)- 
linear operator which is %- continuous, then it is an immediate consequence 
of the closed graph theorem that T is continuous with respect to \\-\\^. 

For the proof of the converse implication, suppose that T is an L^o (z^)- 
linear operator in L^ (z/; Y) which is bounded with respect to \\-\\^. We claim 
that 

||(T/)(s)||^<||T||^(^^(,^^))||/(s)||^, u-a.e. on S, (2) 

for all f G L^ {^]Y). Indeed, suppose that f G L^ {^',Y) is such that ^ 
does not hold. Then there exists a > ||T||^^^r (^-y)) ^^^^ ^^^^ ■^^^ 

A = {sES:\\{Tf) {s)\\y > a\\f {s)\\y} 
satisfies v (A) > 0. Since T (xaI) = Xa^ f ^ clear that XaI 
\\iT{xAf)){s)\\y>a\\{xAf){s)\\y, seS. 
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Consequently, 



0^\\iXAf)is)\\Y <\\T{XAf)\\oo< \\T\\c(LW^;Y))\\^Af Woe ^ '^-^-C- On S, 

and so, 

a IIXa/IIoo < \\T\\c(LW^;Y)) IIXa/IL • 
This implies that a < \\T\\jr-(^i^r (u-v))' "^hich is a contradiction. Therefore, ^ 
holds, from which it is clear that T is continuous with respect to Tq. 

It should be observed that it follows from ^ that any T E Cl^ {L^ (z^; Y)) 
has the property that Tfn — >■ Tf v-a.e. on S, whenever f G (i/; Y) and 
{fn}'^=i is a sequence in {u; Y) satisfying fn — > / z/-a.e. on S. 

For the proof of the next proposition, the following simple and well known 
observation is needed (cf. [23], Lemma 96.6). Recall that a set D C Lq (z/)'*' 
is called order bounded if there exists a G Lq (z/)^ such that f < a for all 
f E D (here Lq {v)^ denotes the positive cone of Lq (z/)). 

Lemma 3.7 Suppose that D C Lq{v)^ is upwards directed. If D is not 
order bounded in Lq {v)^ , then there exists a sequence {fn}'^=i in D and a 
v-measurable set ECS such that v (E) > and fn > uxe for all n G N. 

Proof. Since Lq (z/) is order separable (see e.g. [TTj, Example 23.3 (iv)), 
there exists an increasing sequence {fi'n}^! in L) which has the same upper 
bounds as the set D. Hence, {gn}'^=i is not order bounded in Lq (z/). Define 
the function /z : 5* — >• [0, cxd] by setting h{s) = sup„gp^ (s), s E S. Since 
{9n}'^=i is not order bounded in Lq{i>), there exists a z/-measurable set H 
such that 

H C {s e S : h{s) = oo} 
and < z/ (H) < oo. For /c, n G N define 

Gn,k = {seH -.gn (s) < A;} . 

Since Gn,k in for each A; G N, there exists n/. E N such that z^(G'„^,a:) < 
2-(fc+i)i/(if). Defining 

oo 

G = [J Gnk,k, 
k=l 

it follows that z/ (G) < ^z/ (H) and so, z/ iH\G) > \v {H) > 0. Furthermore, 

gn, > kxH\G„^,k ^ ^Xh\g^ ken. 

Hence, the set E = H\G and the functions fk = gn^y k = 1,2, . . ., have the 
desired properties. ■ 
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Proposition 3.8 An Lq {i')-linear operator T : Lq (z/; y) —>■ Lq (z/; F) is 
continuous with respect to % if and only if there exists a function < a G 
Lq (z/) such that 

||(T/)(.)||^<a(.)||/(.)||^, u-a.e. on S, (3) 
for allfeLl{u-Y). 

Proof. If there exists a function < a G Lq (z/) satisfying ([3]), tlien it is 
clear that T is continuous with respect to the topology Tq (see the discussion 
preceding Lemma [3 ■4p . 

Assuming that T is To-continuous, define the subset D C Lq (z/)'*' by 
setting 

D={UTf)i.)\\y:fELliu;Y),\\f\\^<l}. 

It should be observed that D is upwards directed. Indeed, suppose that 
f,geLl, {v- Y) with 11/11^, ll^^ll^ < 1 and let 

A = {seS:\\{Tf) {s)\\y>\\{Tg) {s)\\y] . 

Defining h G (z/; Y) by setting h = XAf~^Xs\A9^ is clear that \\h\\^ < 1. 
Since T is Lo-linear, it follows that Th = Xa^ f + Xs\a'^9 so, 

\\{Th) {s)\\y = Xa is) \\{Tf) {s)\\y + Xs\A is) \\{Tg) {s)\\y , se S. 

This implies that ||T/;,||y > ||T/||y V ||T(yf||y in Lq (z/). Hence, D is upwards 
directed. 

Suppose that D is not order bounded in Lq (z^)^. It follows from Lemma 
13.71 that there exists a sequence in (z/; Y), with ||/n||oo — 1 ^'^^ ^.11 

n, and a z/-measurable set ECS, with < z/ (E) < oo, such that 

||T/„||y >nxs, neN. (4) 

Defining gn = i^/n) fn, n G N, it is clear that llf^nlloo ~^ hence, gn ~^ 
with respect to Tq. Since T is assumed to be 7^-continuous, this implies that 
Tgn with respect to %. On the other hand, it follows from (jl]) that 
11^5'nlly > Xe for S'll n G N, which clearly is a contradiction. 

Consequently, there exists a function < a & Lq (u) such that 

II (^/) (s) lly < a (s) , z/-a.e. on S", 

for all / G (z/; F) satisfying H/Hq^^ < 1. If / G Lq (z/; F) is arbitrary, then 
/ may be written as / = bf, where / G L^ (z/; Y) satisfies / {s] 
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< 1, 

Y 



s & S, and b G Lq^u) satisfies < b{s) < ||/(<s)||y, s E S (indeed, define 
lis) = f is) / \\f {s)\\y and b{s) = \\f {s)\\y whenever / (s) 7^ and let 
f (s) — and b{s) — whenever / (s) = 0). Since T is Lo-hnear, it follows 
that 

\\iTf)is)\\y^b{s) 

The proof is complete. ■ 

In the sequel, we will also use the following simple observation. 

Proposition 3.9 Suppose that ^ is a linear subspace of {^1^)^ which is 
also a module over L^o {j^) (that is, af E 01 for all a G Lqo {j^) and / G 21^. 
Furthermore, assume that for every f E Lq {u; Y) there exists a u-measurable 
partition of S such that XAnf ^ ^ f^''^ n G M. // Tq : 21 — > 

Lq {y^Y) is an {v)-linear operator, then Tq has a unique extension to an 
Lo-linear operator T : Lj, (z/; F) Lq[p]Y). The operator T is uniquely 
determined by the property that X^T/ = To (xaJ) f^f o-H f ^ {1/; Y) and 
all u-measurable sets ACS satisfying XaJ ^ ^• 

Proof. It will be shown first that for every f E (z/; Y) there exists a 
unique Tf E {u; Y) such that XA^f = Tq {XaI) //-measurable sets 

A C. S satisfying XaJ ^ 21. To this end, let f E Lq {u; Y) be given. By the 
assumption on 21, there exists a i/-measurable partition {An}^i of S such 
that XAnf ^ ^ Since Tq is L^o-hnear, it follows that 

^0 (XAnf) = XA„To (XAnf) 

and so, it is clear that Tq {xAnf) supported on A^. Therefore, 

00 

Tf = J2^0{XAnf) 

n=l 

is well defined as a pointwise sum and Tf E (vjY). If ^4 C 5" is any 
i/-measurable set such that x^/ G 21, then 

00 00 

XATf = ^aTq (XAnf) = Yl ^An^O iXAf) = ^0 ixAf) ■ 

n=l n=l 

To prove the uniqueness of Tf, suppose that g E Lq {u; Y) is such that 
Xa9 = Tq (x^/) for all //-measurable sets ACS satisfying Xa/ ^ ^- This 
implies, in particular, that XAn9 ~ ^0 (Xyi„/) fo^ ^ ^^^d so, 

00 00 

n=l n=l 



Tf)is) ^<a{s)\\f{s) 



Y 



\Y ' 



G S. 
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It follows, in particular, that the definition of Tf does not depend on the 
particular choice of the partition {^n}^i with the property that XA„f ^ ^ 
for all n. 

To show that T is linear, let f,g & Lq (z/; y) be given. A moment's 
refiection shows that there exists a i/-measurable partition {An}'^^^ of S 
with the property that XA„fi Xa„9 ^ ^ ^- If G C, then 

XaT {af + pg) = To {axA„f + PXa„9) = (xaJ) + PTq {xa„9) 
= (^XArJf + f^XA^Tg = Xa„ {aTf + (3Tg) 

for all n and hence, T (a/ + [3g) = aTf + [3Tg. 

Finally, it will be shown that T is Lo-linear. Suppose that g E Lq {u) and 
that / e Lg (i/; Y) and let {v4„}^-^ be a i/-measurable partition of S such 
that ^ -^oo l'^) and Xa„/ ^ 21 for all ra. Since XAndf ^ follows that 

Xa„T (gf) = To {xA„9f) = Xa^qTq {xa,J) = XA„9Tf 
for all n. Hence, T (gf) = gTf, which completes the proof of the proposition. 
■ 

It should be observed that, in particular, the subspace 21 = {u; Y) 
satisfies the hypothesis of the above proposition. Indeed, if / G Lq 
then the sets 

An = {seS:n-l<\\f{s)\\y<n}, neN 

are i/-measurable (see Lemma [3. ip and satisfy fxA„ ^ -^oo (^^5 ^) all n. 

It is assumed now that X is a separable Banach space and the notation 
and terminology introduced in Remark 13.31 will be employed. 

Lemma 3.10 If F : S X is Bochner u -measurable and f : S ^ C (X) 

is weak operator u -measurable, then the function s \ — *• / (s) F (s), s E S, is 
Bochner u -measurable. 

Proof. First suppose that F G sim (S; X), that is, there exist Ai, . . . , An G S 
and xi, . . . , G X such that F = Yl]j=i Xa^ ® ^j- This implies that 

n 

f{s)F{s) = Y,XAAs)f{s)x„ seS. 
i=i 

Since the functions s i — > f{s)xj, s G S", are Bochner //-measurable (see 
Remark 13.31 (b)), it is clear that the function s i — >• /(s)F(s), s G 5, is 
Bochner //-measurable. The general result now follows from the fact that 
the pointwise limit of a sequence of Bochner //-measurable functions is again 
Bochner //-measurable (see [7], Section II. 1). ■ 
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Corollary 3.11 With respect to pointwise multiplication, the space 
Cq° {u; C {X)) is a unital algebra. Consequently, Lq" (i^; £ (X)) is also a 
unital algebra. 

Proof. Let f,g& Cq° {u; C {X)) be given. If x G X, then the function 
s I — > g (s) X, s E S, is Bochner z/-measurable (see Remark [33] (b)). Hence, by 
Lemma fS. 101 the function s i — > f (s) g (s) x, s E S, is Bochner //-measurable. 
Consequently (see Remark [331 (b)). the function s i — > f (s) g (s) is weak op- 
erator //-measurable, that is, fg G Cq° (i/; C (X)). Since the z/-null functions 
form a two-sided ideal in Cq° (i/; C (X)), it is now evident that Lq° (z/; C (X)) 
is an algebra. ■ 

Next, the algebras L^°(z/;£(X)) and {u; C {X)) will be identified 
with algebras of linear operators on the spaces (z/; X) and Lq (z/; X), re- 
spectively. Suppose that / G (z/; £ (X)). For F G Loo(z/;X), define 
m/F : S* — > X by setting 

{mfF)is) = fis)F{s), seS. 

It follows from Lemma [3.101 that rrifF is Bochner measurable. Moreover, 

||(m;F) (.)||^< ||/(s)|| 

C{X) i^)\\x 

Consequently, nif : L^o [v] X) Loo X) is a bounded linear map satisfy- 
ing X)) — ll/lloo- '^^^ ^^^^ lemma shows that the latter inequality 
is actually an equality. 

Lemma 3.12 If f e L^J^ {u; C {X)) , then = 

Proof. If X G X, then mf{l®x){s) = f {s) x z/-a.e. on S. Hence, if 
||a;||j^ < 1, then 

\\f{s)x\\^ < ||m/(l®a;)||^ < ||m/||^(^^(^^^)) ||(l®a;)||^ 

= ll^^llx < \MciL^iu,x)) ' '^-a-e. on S, 

where the exceptional set depends on x. Since X is separable, there exists 
a countable set which is dense in the unit ball of X. It follows 

from the above that ||/(s)x„||j^ < W^fW^Looif x)) ^' z/-a.e. on S. 

Consequently, 

\\f i^'^)\\c(x) = sup||/(s)x„||^ < WrrifW^^^.^.y z/-a.e. on S, 

n 

and so, ||/||^ < || 

"^/ll£(Loo(i^,x))- "^^^ proof is complete. ■ 
13 



If / e L^{u;C{X)), then it is clear that nif e Cl^ {L^{u]X)) (see 
Definition I3.5I) and, by Lemma [3.121 it is clear that the map / i — > is a 
linear isometry from L'^ {y; C (X)) into Cl^ {Lao (t^', X)). The next objective 
is to show that this isometry is surjective. The proof of this proposition is 
modeled after the proof of Lemma 6 in [13] , where L"^ (z/; C {X) ) is considered 
as an algebra of operators on the space Lp {u; X), 1 < p < oo. 

Proposition 3.13 If T E C^^ {L^o (z^;X)), then there exists a unique f G 
{u; C (X)) such that T = mf. 

Proof. To avoid any possible confusion, in the present proof, we use the 
pedantic notation F for the equivalence class (with respect to the measure 
z/) of a //-measurable function F on S. 

Let T G Cl^ {Loo ^)) be given. Since 

\\T{l0x)\\^ < ||T||^(^^(^.^)) 11x11^, xeX, 

we may choose F^ G C^o {j^', X) for each x G X, such that 

F^ = T{l®x) and \\F^ {s)\\^ < \\T\\j.f^^^^^.x))\\x\\x , s E S. 

Since the Banach space X is assumed to be separable, there exists a countable 
linearly independent subset such that span = X. Let W be 

the Q + iQ-linear span of the set and note that W is countable and 

dense in X. Since the vectors {xn}'^=i are hnearly independent, for each 
s E S there exists a unique Q + iQ-linear map /o (s) : W ^ X such that 
/o (s) Xn = (s) for all n E N. If w G W, then w = X]j=i '^j^j with 
aj eQ + iQ, I < j <n. Hence, 

n n 

(/o (■) w)- = J2 ^jK = J2 ^1 ®Xn)=T{l®w) = F^. 

j=l 3=1 

Since W is countable, this implies that there exists a //-measurable set A C 5* 
such that z/ (^XA) = and 

fo{s)w = F^{s), seA,weW. (6) 

In particular, 

\\fois)w\\^ < ||T||^(^^(^.^)) \\w\\^, sEA,wEW, 

which implies that for each s E A, the Q + iQ-linear map fo{s):W—>-X 
extends uniquely to a bounded (C-) linear map / (s) : X — > X satisfying 
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< \\T\\c{L^(^v;X)y Setting / (s) =0 whenever s e S\A, this 
defines a function f : S ^ C{X). A moment's refiection shows that the 
function / is weak operator i/- measurable and so, / G {u; C (X)). 
We claim that 

=T(l®x), xeX. (7) 

Indeed, given x E X, there exists a sequence {w^j^j^ in W such that 
— Wfcll^ — i> as A; ^ oo. Since / (s) G £ (X), this implies that / (s) — > 

/ (s) x for all s G 5. On the other hand, Wk —>■ x in X implies that 

1 ^ Wk 1 ® s in Loo X) and so, T (1 Wk) —>■ T (1 (g) x), that is, 
in Loo(z^;X). Consequently, F^^ls) — > (s) z/-a.e. on S. It 

follows from that / (s) = /o (s) = (s) for all s G A and all k. 

Therefore, (s) = f (s) x i/-a.e. on 5", that is, (/ (■) x)' = = T {1 <S) x) , 

by which the claim ([7]) is proved. 

Let rrif G Clo^Loo {i'; X)) be the operator corresponding to 

/ G (i/; £ (X)). It will be shown next that T = ruf. It follows from 

([7]) that m/ (1 ® x) = T (1 ® x) for all x G X. By the L^o (i^)-linearity of 

both operators, this implies that 

TUf {g ® x) = T {g ® x) , g^L^iy), x G X. (8) 

Consequently, rajG = TG for all G G L^o (i^) X. Given F G Lqo ('^;X), 
it follows from the definition of Bochner measurability that there exists a 
sequence {F„}^j^ in Loo (j^) ® X such that F„ (s) — F (s) z/-a.e. on S*. as 
n —>■ oo. This clearly implies that mjFn — >■ m/F z/-a.e. Furthermore, as 
observed at the end of Remark 13.61 also TF„ — > TF z/-a.e. It follows from 
([H]) that, rrifFn = TFn for all n and hence, m/F = TF. This shows that 
T = rrif and the proof is complete. ■ 

In combination with Lemma I3.12[ the above proposition yields immedi- 
ately the following result. 

Corollary 3.14 The map f i — > nif, f G {u; C {X)) , is an isometric 
unital algebra isomorphism from L^° (z/; C (X)) onto {Loo ^))- 

Next, operators on the space Lq (z/; X) will be considered. If 
/ G Lq° (z/; £ (X)), then it follows from Lemma 13.101 that, for every F G 
Lo(z/;X), the function s i — > /(s)F(s), s E S, defines an element of 
Lq (z/; X). Defining the map nif : Lq (z/; X) — > Lq (z/; X) by setting 

(m/F)(s) = /(s)F(s), sg5, 

it is clear that m/ is an Lo-linear operator. Moreover, 

||(m;F)(5)||^< ||/(s)||^(^J|F(.)||^, seS, 
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and so, it follows from Proposition 13.81 that ruf G C^^ {Lq [u; X)). If / G 
Lq°(z/;£(X)) and mj = 0, then / = 0. Indeed, nif = implies that 
mf{l^x) = for all x G X, that is, f (s) x = u-a.e. on S for all 
X G X. Since X is separable, it follows that / is a i/-null function (cf. Lemma 
13.21) . Consequently, the map / i — > mj is a unital algebra isomorphism from 
Lq° (i/; £ (X)) into Cl^ (Lq (z^; X)). It will be shown next that this map is 
actually surjective. 

Proposition 3.15 If T E Cl,^ {Lq {u; X)) , then there exists a unique f G 
{u; C (X)) such that T = mf. 

Proof. Let T G Cl^ (Lo(z/;X)) be given. It follows from Proposition 13.81 
that there exists < a G Lq (z/) such that ||(TF)(s)||^ < a (s) ||F (s) ||^ 
u-Si.e. on S for all F E Lq (z/; X). Defining 

An = {s e S : n - I < a{s) <n} , n G N, 

it is clear that {^4^}^]^ is a partition of S and a{s) < n z/-a.e. on S. Since 
T{xAr.F) = Xa„T{F) for all F G Lo{u;X), it follows that T leaves the 
subspace Lq {An, X) invariant. Moreover, 

II {TF) (s) II;, < n ||F (s) II;, , se A„, F G Lq z/; X) . 

This implies that T leaves Loo(A„,z/;X) invariant and its restriction to 
Loo{,An,u;X) is bounded (and evidently. Loo (A„, z^)-linear). Hence, it fol- 
lows from Proposition 13.131 that there exists /„ G (A^, z/; £ (X)) such 
that ||/„,||o^ < n and 

(TF) {s) = U is) F{s), seAn,Fe (A„, z/; X) . (9) 

It should be observed that this implies that 

(TF) (s) = /„ is) F{s), seAn,Fe To (A„, z/; X) . (10) 

Indeed, let F & Lq [An, ly; X) be given and define 

Bk = {seA„,:\\F{s)\\^<k}, ken. 

Since Xb^^ ^ -^oo (A„, z/; X), it follows from (jH]) that 

Xb, (s) (TF) (s) = T {xbF) {s) = Xb, (^) k {s) F (s) , se A„. 

Since ^ An a.s k ^ oo, this implies that (fTUjl holds. 
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Define / G (z/; L (X)) by setting / (s) = /„ (s) whenever s e A^. If 
F E Lq [v] X), then ^ -^o (^n, for all n and so, it follows from 

(Uni) that 

(5) (TF) (.) = T[xA^F){s) = XAMfn{s)F{s) 
= XaJs) f (s) F (s) , seS, 

for all n G N. Since U^=i A„ = ^, this implies that (TF) (s) = f (s) F (s), 
u-a.e. on S. The proof is complete. ■ 

Corollary 3.16 The map f 1 — *• ruf, f G Lq° {u; C {X)) is an algebra iso- 
morphism from Lq° (z/; C (X)) onto Clo (-^0 {^1 ^))- 

4 Derivations 

In this section, some simple and well known facts concerning derivations 
are recalled. For convenience of the reader, we include their short proofs. 
For an account of derivations in Banach algebras, the reader is referred to 
[U] . Additional details concerning derivations in C* and *-algebras may be 
found in [15J, ^ and gj. 

Let A be a complex algebra. For x,y & A, the commutator [x, y] is defined 
by setting 

[x, y]=xy - yx. 
The center of A is denoted by Z (A), that is, 

Z{A) = {xeA: [x, y] = Vy G A} . 

Evidently, Z [A) is an abelian subalgebra of A. 
A linear map 6 : A ^ A is called a derivation if 

6 (xy) = 6 {x)y + x6 (y) , x,y e A. 

U w E A, then the map 6^ '■ A ^ A, given by 6^ (x) = [w,x], x G A, is 
a derivation. A derivation of this form is called inner. It is clear that any 
inner derivation on A vanishes on the center. Furthermore, if wi,W2 G A, 
then = if and only ii wi — W2 E Z (A). 

Lemma 4.1 Suppose that A is unital (with unit element 1). If 6 : A A 
is a derivation, then the following two statements are equivalent: 

(i). 5{z) = for all z e Z{A); 
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(ii). 6 is Z-linear, that is, 6 (zx) = z6 (x) for all x ^ A and z ^ Z (A). 

Proof. If b{z) = for all z G Z{^A), then b{^zx) = zS (x) for all x G A 
and z & Z [A). Hence, (i) implies (ii). If 6 is 2^-linear and z & Z {A), then 

5 (z) X = 6 (zx) — z6 (x) = for all x & A. Taking x = 1, this implies that 

6 (z) = 0. Hence, (ii) implies (i). ■ 

Lemma 4.2 If 6 : A ^ A is a derivation, then S (z) E Z (A) for all z G 
ZiA). 

Proof. U z e Z{A), then 

x6 (z) = 6 (xz) — 6 (x) z = 6 (zx) — z6 (x) = 6 (z) x 
for all X e A. Hence, 6 (z) e Z (A), m 

The set of all idempotents in A is denoted by T{A), that is, 

X{A) = {peA:p^ =p] . 
In particular, the set of all central idempotents in A is denoted by X [Z {A)). 
Lemma 4.3 Let 6 : A —>■ A be a derivation. 

(i) . IfpEl{A), then p6 {p) p = . 

(ii) . Ifpel{Z{A)), then6{p)=0. 

(Hi). If p E X {Z {A)), then 6 {px) = p6 (x) for all x E A. 

(iv). IfpEl (A) and x E A are such that px = xp, then p6 (x) p = p6 {xp) p. 

Proof, (i). If p G X(A), then 

5{p)=5{p^)=5{p)p + p5{p). (11) 

Multiplying both sides of this equation by p yields that p5 {p) p = 2p6 (p) p 
and so, p6 (p) p = 0. 

(ii) . If p G I{Z{A)), then it follows from (i) that pS (p) = 6{p)p = 
and so, ffTTj) implies that 6 (p) = 0. 

(iii) . Since 6 (px) = S{p)x + p6{x), statement (iii) follows immediately 
from (ii). 

(iv) . It follows from 6 (xp) = 6 (x) p + x6 (p) that 

p6 (xp) p = p6 (x) p + px6 (p) p. 

Since pxS {p) p = xp5 (p) p, it follows from (i) that pxS {p)p = and so, 
pS (xp) p = p6 (x) p. m 

The following lemma may be considered as an extension of (iii) of Lemma 

m 
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Lemma 4.4 Suppose that A is an algebra which is also a module over a 
commutative unital algebra B, such that Ibx — x, x & A, and b {xy) — 
(bx) y — X (by) for all b & B and x,y & A. Assume furthermore that x & A 
and xy = for all y & A imply that ,x = 0. If d : A ^ A is a derivation, 
then 5 (px) = pS {x) for all x & A and p e X (B) . 

Proof. Let p e X (B) and x E Ahe given. If y e A, then px {1b — p) y — 
and so, 

{1b -p)S {px) y + px6 {{1b -p)y) = 0. 

Multiplying this identity on the left by 1b— p shows that {1b — p)5 {px) y = 
0. Since this holds for all y E A, it follows that (1^ — p) S {px) = 0, that 
is 6 {px) = p6{px). Interchanging p and 1b — p, this also implies that 
p5 {{1b — p) x) — 0. Furthermore, 

S {x) = 5 {Ibx) = 6 {px) + 5 {{1b -p)x) . 

Multiplying this identity by p, it follows that 

p5 {x) — pS {px) + pS {{1b — p)x) — S {px) . 

The proof of the lemma is complete. ■ 

Also, the following general observation will be used. 

Lemma 4.5 Let A be an algebra and 6 : A ^ A be a derivation. For 
p e X {A) define the subalgebra Ap of A by setting 

Ap — pAp — {pxp : X & A} . 

Defining Sp : Ap ^ Ap by setting 5p {x) — p5 {x) p, x & Ap, the map Sp is a 
derivation in Ap. 

Proof. It should be noted that an element x E A belongs to Ap if and only 
ii X — px — xp. Therefore, if x,y & Ap, then 

{xy) = {xy) p = p6 {x) yp + px6 {y) p 

= p6 {x) py + xpS {y) p = Sp{x)y + x6p {y) . 

This proof is complete. ■ 

The following observation will be used in the next section. 

Lemma 4.6 Let {S, E, u) be a finite measure space. If ^ 5 : L^ {i/) — > 
Lq {t/) is a linear map satisfying S {ab) = S {a)b + aS {b), a,b E L^ {v), then 
there exists a v-measurable set B C S with v {B) > such that for every 
s > there exists £ L^ {u) satisfying \as\ < el and \6 {a^)] > Xb- 
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Proof. If A C S* is i^-measurable, then 6 (xa) = ^ (Xa) — '^Xa^ (Xa) 
so, 5 (xa) = 0. Since 5 7^ 0, there exists a G (z/) such that 8 (a) 7^ 0. 
Multiplying a by an appropriate scalar, it may be assumed that |5 (a)| >Xb 
for some //-measurable set -B C S" with v (B) > 0. Given e > 0, there 
exist disjoint //-measurable sets {An}^^^ and scalars {an}n=i such that the 
function b = '^^=1 '^riXA„ satisfies |a — 6| < el. From the observations above, 
it follows that S (b) = 0. Consequently, the function = a — b satisfies the 
desired conditions. ■ 

5 Admissible subalgebras of (z/; C (X)) 

Following P.R. Chernoff ([5J), a subalgebra ii of C{X) is termed standard 
whenever JF (X) C it. If 11 C £ (X) is a standard subalgebra, then X (11) 
denotes the set of all projections in H, that is, 

J (H) = {p G H : p2 = p} . 

Throughout the present section, it is assumed that X is a separable Banach 
space and that {S, S, i/) is a a-finite measure space. 

Definition 5.1 Let ii be a closed standard algebra of C{X). A subalgebra 
2t o/L7(z/;£(X)) is ca/Zec? U-admissible if: 

(i). 2t is an L^o {i^)-submodule of Lq° {u; ii) , that is, 21 C L^°(z/;ll) and 
gfE^ whenever g G Loo and f G 21; 

(ii). If f & (z/; £ (X)) and if for every e > there exists a projection 
p G J(JF(X)) such that \\f {l®p^)\\^ < e, then XaI ^ 21 for all 
V -measurable sets A S with v (A) < 00; 

(Hi), for every f G L^° [y]ii^ there exists a v -measurable partition {An}'^^^ 
of S such that XA„f ^ ^ /^^ '^^^ n G N. 

It should be noted that condition (ii) implies that {A, v\ C (Xp)) C 21 
for all //-measurable sets A C S" with f {A) < 00 and all p G X(jF(X)) 
(where C (Xp) is identified with a closed subalgebra of C (X), as described 
in Section [2]). Furthermore, if H C £ (X) is a closed standard algebra, then 
it is evident that Lq°(z/;H.) and L^°(z/;ll) are H-admissible subalgebras of 
Lq° [u] C {X)) . The main objective in the present section is to show that, 
if X is infinite dimensional, then any derivation 5 : 21 ^ 21 is given by 

6 if) = [wj],fe 21, for some w G L7 {u; C (X)). 



20 



Remark 5.2 Let {S, S, u) be a a-finite measure space and H be a separable 
Hubert space. The von Neumann algebra ^A = (z/) ®B (H) is equipped 
with the tensor product trace r (with respect to the integral in Loo (^) d'nd 
the standard trace in B{H). As will be shown in Section {Si the algebra 
LS (Ai) of all locally measurable operators may be identified with the algebra 
Lq° {i/; B (Hj) . As we shall see in Proposition \ 6. % the above definition of 
admissible algebras has been chosen such that: 

(a) . The algebra S {M) of all measurable operators affiliated with M. and 

the algebra S (r) of all r-measurable operators are both ii-admissible 
with respect to il= B (H) . 

(b) . The algebra Sq (r) of all t -compact operators is H-admissible with re- 

spect to U.= K (H), the algebra of all compact operators in H . 

Some simple observations first. 

Lemma 5.3 Suppose that 21 C Lq" (z/; £ (X)) satisfies (i) and (ii) of Defi- 
nition [3771 If f is such that fg = for all G 21, then / = 0. 

Proof. Let {xn}'^^i be a dense subset of X. For each n G N, let x* G X* sat- 
isfy {xn, x* ) = 1. Define the rank one projection p„ in X by setting p„ (x) = 
(x, X* ) Xn, X E X. Let the //-measurable set A C 5* with u (A) < oo be fixed. 
It follows from assumption (ii) that XA^Pn G 21 and so, / {xa ® Pn) = for 
all n. This implies, in particular, that 

/ (s) Xn = f (s) Xa (s) PnXn = u-a.e. on A 

for all 72 G N. Since {xn}^^i dense in X, this implies that / (s) = z/-a.e. 
on A. Using that z/ is a cr-finite measure, it follows that / = 0. ■ 

A combination of Lemmas 14.41 and 15.31 yields the following result. 

Corollary 5.4 //2l C L^° (z/; £ (X)) satisfies (i) and (ii) and if 6 : ^ ^ ^ 
is a derivation, then 6 (xAf) — Xa^ if) f^^ all f E ^ and all v-measurable 
subsets A S. 

Suppose now that 21 C Lq°(z/;£(X)) satisfies (i) and (ii) of Definition 
15.11 and let 5 : 21 ^ 2t be a derivation. It will be shown that 5 is Loo-linear, 
that is, 5 (af) = a6 (/) for all a G Loo (^) and / G 21. It is assumed, up to 
Lemma \5. 8[ in addition, that z/ (S*) < oo. 

If p G X(jF(X)), then it follows from (ii) and the discussion in Section [2] 
that 

LZ (z/; C (Xp)) C 2tp = (1 ® p) 21 (1 ® p) C (z/; C {X,)) . 
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It is not difficult to show that the commutant of L^!^ {u; C (Xp)) in 
Lq° {u; C (Xp)) is equal to Lq^u) (g) Cp and so, the centre of 2tp is given 
by Z = Zp® Cp, where Zp C Lq (z/) is given by 

Zp = {a e Lo{u) : a^p e^} . 

Note that Zp is a subalgebra of Lq (ly) satisfying Loo (^) ^ Zp. It follows 
from Lemma 14.51 that the map 6p : / i — > (1 ®p) 5 (/) (1 / ^ 

defines a derivation on 2tp. The derivation 5p leaves the centre Zp Cp 
invariant (see Lemma I4.2p . Consequently, there exists a unique linear map 
Sp : Loo {^) Lq (u) such that 

(5p (a ® = (5p (a) ® p, a e Loo (z/) , (12) 

and satisfying 

5p (ab) = 6p (a) 6 + a6p (a) , a,b e L^o {v) . 

Lemma 5.5 IfOy^p,qEX{J^ i^)) swc/i i/iai q = pq = qp, then 6p (a) = 
6g (a) /or a// a G Loo (z^)- 

Proof. If a G Loo (t^), then 

5^(a)®g = 6g{a®q) = {l®q)6{a®q){l^q) 
= (l®g)5((l®g)(a®p))(l®g) 
= (1 (g) g) [6 (1 (g) g) (a (g) p) + (1 O g) 5 (a O p)] (1 (g g) . 

Using Lemma 1431 (i), it follows that 

(1 (g g) 5 (1 (g g) (a (g p) (1 (g g) = (1 (g g) 5 (1 (g g) (1 (g g) (a (g p) = 

and so, 

5g(a)(gg = (l(gg)(5(a(gp)(l(gg) 

= (l(gg)(l(gp)5(a(gp)(l(gp)(l(gg) 

= (l®g)5p(a®p)(l®g) 

= (1 (g g) (5p (a) (g p) (1 ® g) = 5^ (a) ® g. 

Since g 7^ 0, this implies that 6^ (a) = 5^ (a). The proof of the lemma is 
complete. ■ 

Assume now that X is infinite dimensional. Since the Banach space X is 
separable, there exist sequences in X and in X* such that 

(see e.g. [lO], Proposition l.f.3): 
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1. {Xn, J = 5nm ^oi all Tl, m G N; 

2. span{a;„}^^ is dense in X] 

3. {a:;^}^! separates the points of X. 

For n e N, define the projection p„ e X (-^)) by setting 

n 

PnX =^{x,xl) Xk, xeX. 
k=l 

It should be observed that PmPn = PnPm — Pm whenever m < n. Indeed, if 
X e X, then 

m m I n \ 

PmPn^ = ^ ^ (Pn^^) ^fe) ^fe = ^ ^ ( ^ ] ^j) ^fe / 
k=l k=l \j=l I 

in n rn n 

k=l j=l k=l j=l 

m 

fe=l 

and similarly, PnPmX = PmX. In particular, that {pn}^i is a commuting 
family of projections. Also the following observation will be used. 

Lemma 5.6 /// e Lq {y, C {X)) is such that (1 ®Pn) f (1 ® Pn) = for all 
n eN, then / = 0. 

Proof. First assume that f E Lq {y]C {X)) is such that / (1 ®Pn) = for 
all n e N, that is, 

n 

(x, x^.) f (s) Xk = 0, z/-a.e. on 5, x E X,n E N. 

k=l 

Taking x = Xn, this implies that / (s) Xn = for all n e N and i/-a.e. on 5. 
Since span {xn}'^^^ is dense in X, it follows that / (s) = i^-a.e. on 5". 

Suppose next that / e Lq {u; L (X)) is such that (1 (8)p„) / = for all 
n e N, that is, 

n 

(/ (s) X, xj^) Xfe = 0, i/-a.e. on 5", a; e X, n e N. 

A;=l 
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Since {x^}^^ are linearly independent, this implies that (/ (s) x, x*^) = 
i/-a.e. on S for all k E N. Using that {x^}^^ separates the points of X, it 
follows that f (s) X = u-a.e. on S for all x G X and so, / = (since X is 
separable). 

Assume now that (1 (g> Pn) / (1 ® Pn) = for all n G N. Since 

(1 (g) Pm) (1 (g) p„) = 1 (g) p„ 

whenever m < n, it follows that (1 ®Pm) f (1 ^ Pn) = for all m, n G N. 
Fixing m G N, it follows from the first part of the proof that (1 ®Pm) / = 
for all m. Applying the second part of the present proof, this implies that 
/ = 0.- 

Since PmPn = Pm whenever m < n, it follows from Lemma 15.51 that 
~ ^Pm m,n G N. Consequently, there exists a linear map 5^ : 

Loo (i^) Lq (z/) satisfying 

5^ (ab) = 5^ (a) b + a6' (b) , a,b e L^^ W) , 

and 

(1 (g Pn) 5 {a® Pn) (1 (g Pn) = («) (g P„, d G L^o (l^) ,71 EN. 

Lemma 5.7 In the situation as above, it follows that 6^ = 0. 

Proof. Suppose that 6^ ^ 0. Let g„ G X (JF (X)) be defined by g„ = Pn^\—Pn 
for all n G N. Note that 7^ for all ra. It follows from Lemma 14.61 that 
there exists a i/-measurable subset B (1 S with u {B) > such that for every 
G N there exists a„ G Loo l'^) satisfying |a„| < n^"^ WQuW clx) ^^"^ 

(a„)| > n (13) 

Since |a„ (s)| < G 5, it follows that the series 

oo 

/ (^) = XI '^^^ 

n=l 

defines an element / (s) G /C (X). It is also clear that f E Lq (z/; /C (X)) C 
Lo (z/; C (X)). Given e > 0, there exists X G N such that 

oo 

X \an is) \ hnWciX) <^,S^S, 
n=N 



24 



and hence, the projection pjv ^ ^ {^)) satisfies ||/ (l (8> P]^) ||^ < s. 
Therefore, it follows from (ii) that / € 21 (recall that it is assumed at present 
that u (S) < oo). 

Since (1 eg) g„) / = (a„ ® g„) = / (1 ® it follows that 

{1(g) qn) 6 if) Qn) = (l®g„)5(/(l(8)g„))(l®g„) 

= (1 (g) g„) 5 (a„ (g) g„) (1 (g) g„) 

= {an ® qn) = (5g„ {o-n) ® 

for all G N. Observing that qnPn+i = Vn+iq-n = qn, it follows from Lemma 
15.51 that = that is, S^^ = 5^ on Loo {^)- Consequently, 

(1 ® qn) 5 (/) (1 ® g„) = 5' {an) ® qn, ne N. 

If s G -B, then 

1*^^ K) {S)\ WqnWciX) = if) (^) (ln\\c{X) < ll*^ (/) is)\\c{X) 

and so, (fT^ implies that 

n \\qn\\l(x) < knfcix) if) i^)\\c{x) ' neN. 

Since g„ 7^ 0, this contradicts the fact that \\6 (/) (s)!!^^^) < 00 u-a.e. on 5". 
Therefore, it may be concluded that = 0. m 

Note that the result of Lemma 15.71 may be formulated as 

{lg)Pn)5{ag)pn){l0Pn) =0, aeL^{u),neN. (14) 

Lemma 5.8 Same situation as above. The derivation 6 is L^o {v)-linear on 
21, that is, 6 {af) = a6 (/) for all f & ^ and a G L^o (z^)- 

Proof. It should be observed first that 6 {a ®Pn) = ad (1 g) Pn) for all a G 
Loo (z^) and n G N. Indeed, if m > n, then 

6{a(gpn) = 6 {{1 (g pn) {a ® Pm)) 

= 6 {1 gl Pn) {a ® Pm) + {1 Ig Pn) S {a (g Pni) 

and so, 

5 (a (g) Pn) (1 (g Pm) = a5 (1 (g Pn) (1 ® Pm) + (1 (g Pn) 5 (tt (g p^) (1 (g Pm) ■ 

It follows from ([Tl]) that 

(1 (g p„) 5 (a (g (1 (g Pm) = (1 (g p„) (1 (g Pm) 5 (a (g Pm) (1 (g Pm) = 
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and hence, 

5 (a (g) Pn) (1 ® Pm) = a5 (1 ® Pn) (1 ® Pm) 

for all m > n. Now, Lemma [5.61 implies that 5 (a Pn) = a5 (1 ® Pn)- 
Suppose next that / G 21 and a G Lqo (z^)- If n G N, then 

5(a(l®p„)/) = 5(a(l®pO)/ + «(l®Pn)5(/) (15) 
= a6{l^pn) f + a{l(g)pn)6{f). 

On the other hand, 

5(a(l®p„)/) = 5((l®p„)a/) (16) 
= 6{l(g)pn)af + {l®Pn)Siaf) 
= a6{l(g)pn)f + il(E)Pn)Haf)- 
Comparing ffT^ and ffTUl) . it follows that 

(l®pO(«5(/)) = (l®Pn)5(a/), nGN. 

Consequently, Lemma 15.61 implies that a6 {f) = 6{af). The proof is com- 
plete. ■ 

Proposition 5.9 Suppose that X is an infinite dimensional separable Ba- 
nach space and that 01 is a subalgebra of Lq° {u; C {X)) satisfying conditions 
(i) and (ii) of Definition \5.1\ If 6 : 01 01 is a derivation, then 6 is Loo (^)- 
linear, that is, S (af) = a6 (/) for all f EOi and a G L^o {i')- 

Proof. The case that v (S) < oo has been obtained in Lemma 15.81 Using 
Corollary 15. 41 the extension to the case that u is cr-finite follows via a standard 
argument. ■ 

Remark 5.10 In the situation of Proposition [37P|. define the subalgebra 
of Lq{u) by 

Ma = {a G Lq {v) : af e 01 for all / G 21} . 

By (^) of Definition \5J\ Loq^u) C M^. We claim that S (af) = aS (f) for 
all f E Oi and a G M<^. Indeed, given a G M^, there exists a u-measurable 
partition {An}'^^^ of S such that aXAn ^ -^0° ('^) /^'^ '^^^ Using Corollary 



5.4\ and Proposition it follows that 

XaJ (a/) = ^ [xA^af) = (/) 

for all n G M. This implies that S (af) = a6 (/). 

In particular, if Oi =Lq° (z/; ii) for some closed standard subalgebra il of 
C {X), then 5 is Lq {p) -linear. 
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If it is a closed standard subalgebra of L (X), then 7^ denotes the topology 
in Lg" (i^;lt) of convergence in measure on sets of finite measure (see Section 

ED. 

Proposition 5.11 Let ii be a closed standard subalgebra of C{X). If 6 : 
LQ°(i/;il) — > Lq"^^;^!) is an Lq (u) -linear derivation, then 6 is continuous 
with respect to Tq. 

Proof. It follows from Lemma 13.41 that Lq ° (z/; ii) is a complete metrizable 
topological vector space with respect to %. Therefore, it is sufficient to show 
that 6 is closed (see e.g. [H], Theorem 2.15). Accordingly, suppose that 

is a sequence in Lq ° (z/; il) such that /„ ^ and 6 (fn) g asn ^ oo 
for some g G LQ°(i/;it). Let p,q & X(jF(X)) be two rank one projections 
and note that p, g G il. There exist xo,yo G X and XQ,yQ G X* satisfying 
{xq, Xq) = {yo, yl) = 1, such that px = {x, Xq) xq and qx = {x, yg) Vo, x e X. 
Defining the rank one operator v E J-' (X) by setting vx = {x, y^) xq, x E X, 
it follows that 

pTq={Tyo,xl)v, TeC{X). (17) 
It follows from ( ITTl) that 

((1 O p) fn (1 ® q)) {s) = pfn (s) q = a„ (s) v, s e S, 

where a„ G Lq (z/). Since implies that (1 ^ p) fn {1 ® q) 0, it is 

clear that — > as — > cxd in measure on sets of finite measure. Hence, 
a„5 (f) -H> in Lq° ('^;il)- Furthermore, 6 is Lo-linear and so, 

5((l®p)/„(l®g)) =aj (v) 

for all n. Consequently, 5 ((1 p) /„ (1 ® g)) -^^ as n — > oo. Since, 

5((l®p)/„(l®g)) 

= 5 (1 ® p) /„ (1 ® g) + (1 ® p) 5 (/„) (1 ® g) + (1 ® p) /„5 (1 ® g) , 

5 (1 (g) p) /„ (1 (g) g) and (1 ® p) fnS (1 ® g) -^^ as n ^ oo, it follows 
that 

(l®p)5(/„)(l®g) ^0, n^oo. 
On the other hand, b (fn) g implies that 

(l®p)5(/„)(l®g) ^ (l®p)^(l®g), n^oo 
and so, {1 ^ p) g {1 ® q) = 0. 
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Since every finite rank projection in X may be written as a sum of finitely 
many rank one projections, it follows that {1 ® p) g {1 ® p) = {) for all finite 
rank projections p in X. Consequently, via Lemma F5. 6 1 it may be concluded 
that (7 = 0. This shows that 5 is closed and hence, 5 is Tq- continuous. ■ 

Corollary 5.12 Assuming that X is infinite dimensional, let ii be a closed 
standard subalgebra of C{X). If 6 : LQ°(z/;il) LQ°(i/;il) is a derivation, 
then 6 is continuous with respect to %. 

Proof. It follows from Remark 15.101 that 6 is Lo-linear and so, the result is 
an immediate consequence of 15.111 ■ 

Proposition 5.13 Let ii be a closed standard subalgebra of C{X). If 6 : 

Lq° — * Lq° is an Lq (u) -linear derivation, then there exists w G 

Lo {v- C (X)) such that S (/) = wf-fw for all / e 21. 

Proof. It follows from Proposition 15.111 that 6 is continuous with respect to 
Tq. Consequently, by Proposition 13.81 there exists < a E Lq (u) such that 

¥ if) is)\\c(x) < « (s) 11/ is)\\cix) > i'-a-e. on S, (18) 

for all / G Lq° (i^;il). Fix xq G X with ||xo||x = 1 and let Xq G X* be such 
that IIxqIIj^. = 1 and {xo,Xq) = 1. Define Fq G Lq {i^;X) by Fq = 1 ® xq. 
For F E Lq (z/; X) and s E S, define the rank one operator gp (s) G 
(X) C il by setting 

gp (s) X = {x, Xq) F (s) , X G X. 

It is clear that 

||^?f(s)IU(x)<II^(^)IIx- (19) 

Furthermore, if x G X and x* G X*, then the function 

s I — > {gp (s) X, X*) = (x, Xq) {F (s) , X*) , s E S, 

is I/- measurable. Therefore, gp G LQ°(z/;il). Identifying the elements of 
LQ°(z/;il) with Lq (z/)-linear operators on Lq (i/; X) (see Corollary I3.16p . it 
is clear that gpF^ = F. Furthermore, the map F i — > gp, F E Lq (i^;X), is 
linear from Lq (z/; X) into Lq° (z/;il). It should be observed that 

9fF = fgp, f e Lr (z/; il) , F G Lo (z/; X) . (20) 

Indeed, 

9fF (s) X = (x, Xq) / (s) F{s) = f (s) ((x, Xq) F (s)) = / (s) gp (s) x 
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for X E X, s E S, and so, fl^Uj) holds. Similarly, it follows that 

g^p = hgF, be Lo{u),F e Lo{u;X), (21) 

that is, the map F i — > gp, F E Lq {u; X), is Lq (z/)-linear. 

Define the linear operator T : Lq (z/; X) — » Lq {u; X) by setting 

TF = 6{gF)Fo, FeLo{u;X). (22) 

Since 6 is Lo-linear, it follows, in particularly, from ( 12T1) that T is also Lq- 
linear. Furthermore, it follows from ( JTSl) and ( JT9l) that 

||(TF)(s)||^ = ||5(^7i.)(^^)xo||^< 115(^7^) (3)||^(;,) 

< a(s) ||^f(s)||£(x) < a(s) ||F(s)||^, s e S, 

and so, T is continuous with respect to the topology Tq (see Proposition 

13.81) . Therefore, it follows from Proposition 13.151 that there exists w G 
L^°(i/;£(X)) such that 

TF = wF, F e Lo {u; X) . (23) 

Finally, it will be shown that 5 (f) = [wj] for all / G L7(z/;il). If / G 
L7 (i/;il) and F E Lq (z/; X), then it follows from ([22D, (I23D and that 

= w7/F-/w;F = 5((?;^)Fo-/5((7^)Fo 

= S{fgF)Fo-f6{gF)Fo 

= Sif)gFFo + f5{gF)Fo-f5{gF)Fo 

= 5 if) gpFo = S if) F 

Since this holds for all F E Lq (z/; X), we may conclude that 5 (/) = [w, /]. 
The proof is complete. ■ 

Corollary 5.14 Suppose that X is infinite dimensional and letii be a closed 
standard subalgebra of C{X). If 6 : LQ°(z/;ii) Lq"^^;^) is a derivation, 
then there exists w E Lq [u; C (X)) such that 5 (/) = wf — fw for all / G 21. 

Corollary 5.15 Let X be a separable Banach space and let A be the algebra 
Lq° [v] C (X)) or Lq° (z/; /C (X)). If 6 : A ^ A is an Lq (u) -linear derivation, 
then there exists w E Lq" (z/; C (X)) such that 6 (/) = wf — fw for all f E A. 

Corollary 5.16 Let X be an infinite dimensional separable Banach space 
and let A be the algebra (z/; C (X)) or (z/; /C (X)) . If 5 : A ^ A is a 
derivation, then there exists w E Lq" (z/; C (X)) such that 5 (/) = wf — fw 
for all f E A. 
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Theorem 5.17 Let X be a separable Banach space and (5*, S, z/) be a a- 
finite measure space. Suppose that il C £ (X) is a closed standard algebra 
and that 21 C {u; C {X)) is a ^-admissible subalgebra. If 6 : 01 ^ 01 is 
an Loo (ly)- linear derivation, then there exists w G Lq°(z/;£(X)) such that 
6if) = wf-fwfor allfeOl. 

Proof. It follows from condition (iii) of Definition 15.11 and Proposition 13.91 
that 6 extends uniquely to an Lq (z/)-linear map 6 : L^° (i^;it) Lq° 
Recall from Proposition 13. 91 that Xa^ if) = ^ (Xa/) / ^ -^o° ('^i-^) ^^^1 

all //-measurable sets A satisfying XaJ' ^ 21. We claim that 5 is a derivation. 
Indeed, suppose that f,g E LQ°(i/;il). It follows from condition (iii) on 
the algebra 21 that there exists a measurable partition {^nj^i such that 
XA„f^ Xa„9 ^ 21 for all n. Using that 6 is Lq (z/)-linear, we find that 

XaJ if 9) = ^ {xaJ9) = ^ {xaJXa^9) 

= 5{xaJ)xa„9 + XaJ5{xa„9) 
= XaJ if) 9 + Xa,J'H9) 

for all n G N. Hence, S{fg) = S (f ) g + fS{g), which shows that 5 is a 
derivation in LQ°(z/;il). Consequently, the result of the theorem follows 
immediately from Proposition 15.131 ■ 

Corollary 5.18 Let X be an infinite dimensional separable Banach space 
and (5, S, z/) be a a-finite measure space. Suppose thatU. C C (X) is a closed 
standard algebra and that 21 C Lq° [u; C {X)) is a ii-admissible subalgebra. 
If 6 : 01 ^ 01 is a derivation, then there exists w G Lq° (z/; C (X)) such that 
5if) = wf-fwfor allfeOi. 

6 Applications to algebras of measurable op- 
erators 

In the present section, we shall apply the results of the previous section 
to algebras of measurable operators with respect to certain von Neumann 
algebras. For details on von Neumann algebra theory, the reader is referred to 
e.g. [H], [H], [IS] or [in]. General facts concerning measurable operators may 
be found in [IH], [21] and [22] (see also [20], Chapter IX). For the convenience 
of the reader, some of the basic definitions are recalled. 

Let Ai he a von Neumann algebra on a Hilbert space H. The set of 
all self-adjoint projections in M. is denoted by P(A^). The commutant 
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of is denoted by Ai'. A linear operator x : D (x) H, where the 
domain S) (x) of x is a hnear subspace of H, is said to be affihated with 
if yx C xy for all y & Ai' (which is denoted by xrjAi). A hnear operator 
X : S) (x) — if is termed measurable with respect to 7W if x is closed, densely 
defined, affiliated with A4 and there exists a sequence {pn}'^=i in P {A4) such 
that Pn t 1, Pn (H) C 2D (x) and is a finite projection (with respect to 
A4) for all n. It should be noted that the condition p„ (if) C 2) (x) implies 
that xpn € A^- The collection of all measurable operators with respect to 
A4 is denoted by S{A4), which is a unital *-algebra with respect to strong 
sums and products (denoted simply hy x + y and xy for all x,y E S {A4)). 
Furthermore, a closed densely defined linear operator x : 2) (x) — *■ if is called 
locally measurable (with respect to A^) if xrjj^ and there exists a sequence 
{Pn}'^=i in such that p„ | 1 and xp„ G S (Ai) for all n. The 

collection of all locally measurable operators is denoted by LS {A4), which 
is a unital *-algebra with respect to strong sums and products. Evidently, 
S (Ai) is a *-subalgebra of LS {A4). For details we refer e.g. to [22] . 

If the von Neumann A4 is semi- finite, equipped with a semi- finite faithful 
normal trace r, then an operator x E S (Ai) is called r-measurable if there 
exists a sequence {pn}'^=i in P (Ai) such that p„ | 1, p„ (H) C 2) (x) and 
{Pn) < ^ fc)^ ^- The collection 5* (r) of all r-measurable operators 
is a unital *-subalgebra of S{Ai). For details see e.g. [21]. An operator 
X G S* (r) is said to r-compact if for every e > there exists a projection 
p G P(A^) such that ||xp||^^^^ < e and r (p-*-) < oo. The collection 5*0 (r) 
of all r-compact operators is a two-sided ideal in S (r). 

Now, we specialize to the case where if is a separable Hilbert space and 
A4 = Loo (z/) (if), the von Neumann algebra tensor product of Loo 
and B (if) acting on the Hilbert space tensor product L2 (z/) ®if . Here, 
{S, S, u) is a (T-finite measure space and Lqo (z^) is considered as a von Neu- 
mann algebra on the Hilbert space L2 (z^), acting via multiplication. The von 
Neumann algebra B (if) is equipped with its standard trace tr and Loo 
is equipped with the trace z/, given by z^ (/) = Jg fdu, < / G Loo (z^). 
Let r = z^ ® tr be the tensor product trace on Ai, that is, r is the unique 
semi-finite normal faithful trace r satisfying r (/ (g) x) = z/ (/) tr (x) for all 
< / G Loo and < x G i? (if). Identifying the tensor product 
L2 (z/) (S>if with the Bochner space L2(z^;if), the von Neumann algebra 
Loo (z^) ®B (if) may be identified with the space L^° (z/; i? (if)), where the 
function / G L^" [u; B (if)) corresponds to the operator x/ on L2 (z/; if) given 
by (x/F) (s) = f {s)F (s), z/-a.e. on ^ for all F G L2 (z/; LT) (see e.g. [TH]). It 
should be observed that if / G L^° (z/; S (if)), then / > (that is, x/ > 0) if 
and only if / (s) > in i? (if) z/-a.e. on S. Using this observation, it is not 
difficult to show that a sequence {/n}^i in L^° (z/; i? (if)) satisfies /„ |n 
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(in the von Neumann algebra [u; B {H))) if and only if /„ (s) |„ (in 
B [H)) z/-a.e. on S. The (tensor product) trace on {u; B {H j) is given 

by 

r (/) = / tr (/ is)) di^is), < / G 1^° (z^; B (H)) . (24) 
Js 

Indeed, using the preceding observations, it is not difficult to show that 
defines a semi- finite normal faithful trace r on (z/; B (H)) satisfying 
T{f(g)x) = u{f)tT{x),0<feL^iu),0<xeB{H). 
The following observation will be used. 

Lemma 6.1 ^4 projection p E Ai = (z/; B (H)) is finite if and only if 
p (s) is a finite projection in B [H) for v-almost all s E S . 

Proof. First assume that p (s) is a finite projection in B [H) for //-almost 
all s G 5* and suppose that q G P {U^ {v; B [H))) is such that q < p and 
q ^ p. Since q ^ p, there exists a partial isometry v G L"^ {u; B (H)) 
such that v*v = p and vv* = q. This implies that v (s)* v (s) = p{s) and 
v{s)v{s)* = q (s) z/-a.e. on S. Since p{s) is finite i/-a.e., it follows that 
q{s) = p (s) z/-a.e. on S and hence, p = q. This shows that the projection p 
is finite in L^{u;B{H)). 

Assume now that pE P (L^° (z/; B (H))) is finite and let H (s) = p (s) (H), 
s E S. Setting Soo = {s E S : dim if (s) = oo}, suppose that z/ (6*00) > and 
define pi E P (L^° (z/; B (H))) by pi = Xs^oP- follows from [8], Proposition 
II. 1.9 and Proposition II. 1.1 that there exist Bochner z/-measurable functions 
Vn '■ ^00 —^H,nEN, such that (s)}'^^^ is an orthonormal basis in H (s) 
for all s E S^. Defining qE P {L^ (z/; B (H))) by setting 

00 

?(s)^ = Xl^^'^2n(s))^2n(s), S E Soo 
n=l 

and g (s) = if s G S'\S'oo, it is easily verified that q < pi and q ~ pi. 
Hence, pi is not finite. Since pi < p, this is a contradiction. Therefore, we 
may conclude that u (Soo) = 0, that is, p (s) is finite for z/-almost all s E S. 
The proof is complete. ■ 

We will show next that the algebra Lq° (z/; B {H)) may be identified with 
the algebra LS {M). Let / G Lq° (z/; B (H)) be given. It should be recalled 
that, by Lemma Eini fF E L^" {u; H) for all F E L2{u;H). Define the 
linear subspace D (x/) of L2 (z/; H) by setting 

I){xf) = {FE L2 (z/; H):fFE (z/; H)} 

and define the linear operator x/ : D (x/) — > L2 (z/; H) by 

XfF = fF, F E^ (xf) . (25) 
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Lemma 6.2 /// G Lq" (u; B (H)) , then the operator xj, defined by (d^j, is 
locally measurable with respect to M. . 

Proof. Define the subsets An of S by setting 

^n = {sG5: ||/(s)||^(^)<n}, neN, (26) 
which are //-measurable by Lemma [3. 1[ It is clear that 

XaM H) = [xa^F : F G L2 (z/; /J) } C D {xj) 
and it follows from the dominated convergence theorem that 

'^ = [f ,XAMi^-^H) (27) 

^-^ n=l 

is dense in L2 (z/; H). This shows that D (x/) is dense in L2 (z/; H). Suppose 
that {i^raj^i is a sequence in D (x/) and that F,G E L2 {i^',H) such that 
Fn ^ F and ^ G in L2 (z/; i/). Passing to a subsequence, it may be 

assumed that Fn (s) F (s) and / (s) F„ (s) — G (s) z/-a.e. on S. Therefore, 
/ (s) F (s) = G (s) z/-a.e. and hence, F G 2) (x/) and X/F = G. This shows 
that X/ is closed. 

Using that A4' = L^q (z/) ® CI, it is easy to verify that xj is affiliated with 
A4. Finally, defining the projections {pn}^=i in P [Z (A^)) by p„ = Xa„ ® I5 
it is evident that p„ t 1 and x/p„ G for all n G N. Consequently, 
X/ G L5 {M). ■ 

If / G (z/; B (H)) and the sets A^ C S are defined by ([22]), then it 
follows easily that the subspace V, defined by (I2ZD, is a core for the operator 
X/, that is, X/ is the closure of its restriction to V. Using this observation, 
the first part of the following proposition follows via a standard argument. 

Proposition 6.3 The map f 1 — > Xf, f G Lq" {u; B (H)) , is a unital *- 
isomorphism from Lq° {y\ B {H)) onto LS {Ai)- 

Proof. It remains to be shown that for every x G LS there exists / G 
Lq° (z/; B (H)) such that x = xj. To this end, first assume that x G S* (A1). 
By definition, there exists a sequence {pn}'^=i such that pn T 1, xpn G M. and 
Pn is finite for all n. As observed in Lemma [6. 11 this implies that p^ (s) is a 
finite projection in B (H) z/-a.e., that is, tr (s)) G N U {0}, for z/-almost 
all s G S*. Since p^ i in implies that p^ (s) | in i? (H) z/-a.e. on 
S (see the observations preceding (^^) and tr (p^J; (s)) G N U {0}, it follows 
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that for (z/-almost) every s G 5 there exists rig G N such that p„ (s) = 1 for 
all n > Ug. Consequently, if the z/-measurable sets An are defined by setting 

An = {seS : pn {s) = 1} , 

then An ] S. Note that Pn (xa„ ® l) = Xa„ ® 1- ^ach n G N, there 
exists a unique /„ G (z/; 5 (i/)) such that xpn = ^u- 'm <n, then 

a^x^™/™ = ® 1) = {xArn ® 1) = a; (xa^ ® l) 

and so, XA^fm = XAmfn- Therefore, there exists a unique / G (z/; 5 (if)) 
such that XA„f = XA„fn for all ^- We claim that x = Xf. Indeed, 

X {xa„ ® 1) = xpn {xa„ ® 1) = {xa„ 0l)=Xf {xa„ ® l) 

for all n, from which it easily follows that x = Xf. 

Assume now that x G LS {A4). There exists a sequence {qn}'^=i of mu- 
tually orthogonal central projections in M. such that Yl'^=i 9n = 1 and 
xqn G S for all n. Each g„ is of the form g„ = ® 1, where Bn 
is a i/-measurable set. Since qnQm = whenever n ^ m, it follows that the 
sets {-Bnj^i are mutually disjoint (modulo z/-null sets). Furthermore, it is 
clear that IJ^ Bn = S. From the first part of the proof it follows that for 
every n there exists a unique /„ G Lq° (z/; B (if)) such that xqn = Xf^. A 
moment's reflection shows that /„ = XB„fn for all n and so, there exists 
a unique / G Lq° {u; B (H)) such that = for all n G N. Since 

X {xb„ ® l) =3;/ (x_B„ ® l) for all ra, it is now clear that x = Xf, which 
completes the proof of the proposition. ■ 

Remark 6.4 In 122] Definition 3.1, Yeadon introduces the topology of con- 
vergence locally in measure in the algebra LS (M.) for a general von Neumann 
algebra M.. If M. = L^oiv) ®B {H) and the algebra LS {M.) is identified 
with the algebra Lq° [i/; B (H)) via the above proposition, then this topology 
in LS {Ai) corresponds to the topology of convergence in measure on sets of 
finite measure in Lq° (z/; B (H)) (as defined in Section of the present pa- 
per). To verify this claim, it should be observed that Z {M) = Loo (^) d'nd 
that the dimension function D : P{M) M(z/)+ (m the sense of Segal, 
fT8f Definition I.4) is given by (Dp) (s) = tr(p(s)), s G S. Here, M (z/)"*" 
denotes the collection of all (equivalence classes of) u-measurable functions 
with values in [0, oc]. The details are left to the reader. 
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If / G Lq° {u; B (H)) is self-adjoint, that is, /(s)* = / (s) z/-a.e. on S, 
and if is a bounded Borel function on M, then (/) : s i — > (/ (s)), s G S, 
is a bounded function from S into -B (if). On the other hand, the operator 
Xf G LS {A4) is self-adjoint and so, the operator (p{xf) G is defined via 
the functional calculus of x/. The next lemma describes the relationship 
between (/) and 4>{xf). The *-algebra of all bounded Borel functions on 
M is denoted by Bb (M). 

Lemma 6.5 If f G Lq° (u; B (H)) is self-adjoint and G Bh{M.), then 
<P if) e LZ" (ly; B (H)) and x^^f) = {xf) . 

Proof. Let / G L^" (z/; B {H)) be fixed and self-adjoint. Define W C (R) 
by setting 

W= {0Gi?,(M) :0(/) GLr(^/;i?(ii)) andx^(^) =0(a;;)}. 

It is easily verified that W is a unital *-subalgebra of B^ (M). If {0„}^]^ is a 
sequence in U and if G -Bf, (M) is such that (p^ —>■ (p uniformly on M, then 
it follows from the properties of the functional calculus that 0„ (/) — > (/) 
uniformly on S. Hence, (/) G {u; B (H)) and ~ ~^ ^ 

as n oo. Similarly, ||0„ (a^/) — (a^/) ||_a4 ~^ ^ind so, a;(^(/) = 0(a^/)- 
This shows that W is uniformly closed in Bf, (R) . If A G C\]R and the 
function G -Bfc (M) is defined by setting (t) = (A — t)^\ t G M, then 
a straightforward calculation shows that Xr.^{f) = rx{xf) = {Xl — Xf)~^. 
Consequently, r\ eU for all A G C\]R. The Stone- Weierstrass theorem now 
implies that Cq (M) C W. 

Suppose that the sequence {0„}^i in and (j) E B^ (M)'*' are such that 
< 0„ (t) tn 0(^)) ^ £ From the properties of the functional calculus it 
follows that 0^ (xf) tn 4>{^f) in A^. On the other hand, 

0n(/(5))Tn0(/(s)), SeS, 

in B {H). Hence, (/) G (5; B (H)) and 0„ (/) T (/) in (5; 5 (//)), 
which implies that x^^^^f) t„ a;(^(/) in Ai. This shows that G W^. From 
this observation it follows that U'^ is closed in Bf, (M)'*' under monotone 
pointwise convergence of sequences. Together with the inclusion Cq (R) C U, 
this suffices to conclude that U = B^ (M), which completes the proof of the 
lemma. ■ 

In the sequel, we shall frequently identify a function / G Lq° {S; B (if)) 
with the corresponding operator Xf G LS{M.). An immediate consequence 
of Lemma 16.51 is the following. 
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Corollary 6.6 // / G Lq°{S]B{H)) is self-adjoint, then the spectral mea- 
sure of f (as a self-adjoint operator in LS (Ai) ) is given by 

ef (B) (s) = e^(^) {B), se S, 

for every Borel set i? C M. In particular, for every Borel set B (1 M., the 
function s i — > e-^*^*-* (B), s E S, is u -measurable. 

To apply the results of Section [5] in the present setting, the following 
observations are relevant. 

Proposition 6.7 (i). The algebras LS{M), S {M) and S {t) are B (H)- 
admissible. 

(a). The algebra Sq (r) is K (H)- admissible. 

Proof, (i). It is evident that LS (M) = (z/; B (H)) is B (i7)-admissible. 
It is clear that S (M.) and S (r) satisfy condition (i) of Definition 15. II Since 

LZ"iiy;BiH))=MCSir)CSiM), 

it is also clear that both S {Ai) and S {t) satisfy condition (ii). If / G 
Lq° (z/; B (H)), then there exists a z/-measurable partition {v4„}^-^ of 5* such 
that XA„f e i^'^ B{H)), that is, Xa„/ ^ for all n. Hence, S (M) and 
S (r) also satisfy condition (iii) of Definition 15.11 

(ii). It should be observed first that So{t) C {i/; K (H)). Indeed, 
if / e 5*0 (r), then there exists for every n G N a projection pn G P(7V1) 
satisfying ||/Pn|loo — V'^ (Pn) < Using (^^, it follows that 

there exists a z/-measurable set A C S* satisfying u {S\A) = 0, such that 

11/ (s) Pn < ^/n and tr (s)^^ < oo for all s E A. Consequently, 

f{s) G K{H) for all s G A and so, / G {u; K (H)) . Since So{t) 
is a two-sided ideal in S{t), it is clear that So{t) is an ('^)-niodule. 
To show that 5*0 (r) satisfies condition (ii) of Definition 15.11 suppose that 
/ G (z/; B (H)) is such that for every e > there exists p E I {F (H)) 
satisfying ||/ (l ® P^) ^ ^ and let the //-measurable set A C 5* with 
(A) < oo be given. We have to show that XaI ^ (t)- If £ > 0, then 
there exists p E I (F (H)) such that ||/ (l ® P"*") ||^ < s. Replacing p by the 

orthogonal projection in H onto Ker (p)"*", it is easily seen that the projection 
p may be assumed to be self-adjoint, that is, p E P{F{H)). Defining the 
projection q E P (Ai) hj q = Xa®P^ is clear that r (q) = u (A) tr (p) < oo. 
Furthermore, q^ = Xa^ P'^ ~^ Xa'^ ® 1 and so, 

||(xA/)g^L = II(xa/)(i®p^)IL<^- 
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This shows that XaI ^ (t)- 

Finally, it will be shown that Sq (r) satisfies condition (iii) of Definition 
15. II with respect toii = K (H). Since the measure z/ is assumed to be cr-finite, 
it suffices to consider the case that (S) < oo. Given / G Lq° {u; K (H)), 
define the sets Bk^n {k, n G M) by setting 

5fc,„ = {sGS:tr (el^WI(l/A;,oo)) >n}. 

It follows from Corollary 16.61 that these sets are i/-measurable. Furthermore, 
since / (s) G K {H), it is clear that tr (el^^'^l (l/A;,oo)) G N for all A; G N 
and s G S*. Consequently, Bk^n [n for all k and so, for each k there exists 
rifc G N such that u(Bk,nk) ^ 2~^. Defining 

oo 

Ai = []Bl^^, leN, 

k=l 

it is clear that (A^) < 2^'+^ and so, Ai | S. Furthermore, if s G A;, then 
tr [e^f^-'^\ {1/k, oo)) < Uk for all k > I. We claim that XaJ' ^ Sq (r) for all 
/ G N. Indeed, given / and e > let A; G N be such that k > I and 1/k < e. 
The projection p = x^jcl-^' {e, oo) satisfies 

t{p) = I tr (el^(^)l (e, oo)) dz/ (s) 

JAi 

< I tr (el^(')l (l/A;,oo)) c/z/(s) < nfcZ/(Ai) < oo 

JAi 

and 

II(x^,/)p1L = II(x^./)^'" [o.^]|L<^- 

Hence, XaJ ^ 'S'o (r) for all /. This suffices to show that Sq (r) satisfies 
condition (iii) of Definition 15.11 with respect to ii = i^' {H). ■ 

A combination of Theorem 15. 17^ Corollary 15.181 and Proposition 16.71 im- 
mediately yield the following results. 

Corollary 6.8 Let H he a separable Hilhert space, {S, S, u) be a cr-finite 
measure space and Ai = Loo (^) ®B (H). IfOl is one of the algebras LS (M.), 
S (Ai), S (r) or Sq (r) and if 6 is a Z {Ai)-linear derivation in 21, then there 
exists w G LS (At) such that 6 (x) = wx — xw, x G 21. 

Corollary 6.9 Let H be a separable infinite dimensional Hilbert space, 
{S, S, u) be a a-finite measure space and Ai = L^o (i^) ®B {H). If 01 is one 
of the algebras LS {A4), S (At), S (r) or Sq (r) and if 6 is a derivation in 21, 
then there exists w G LS (At) such that 6 (x) = wx — xw, a; G 2t. 
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If 2t is equal to either S (Ai) or S (r), then it actually follows that the 
element w in Corollary 16 .81 may be chosen from the algebra 21 itself (that is, 6 
is inner) . This will follow from the general result of Proposition 16.171 which 
is of interest in its own right. The proof of this proposition is divided into a 
number of lemmas. 

Let be a von Neumann algebra on a Hilbert space H and suppose that 
^ is a *-subalgebra of LS (A^). If w G LS (M.) is such that [w,x] & A for all 
X E A, then the map 6^ '■ A ^ A, defined by setting 5^ (x) = [w,x], x E A, 
is a derivation in A. In general, 6^ need not be inner in A. It will be shown 
that if A is absolutely solid in LS {Ml) (that is, if a; G LS (Ai) and y E A 
are such that |a;| < \y\, then x E A) and if C then such a derivation 
(5^ is always inner in A, that is, there exists Wi E A such that 6^ = 6^1 ■ 

The following theorem will be used (see [H], Theorem 6.2.7). 

Theorem 6.10 Ife, f E P {M), then there exist unique mutually orthogonal 
central projection po and go which are maximal with respect to the properties: 

1. qoe ~ go/; 

2. pe -< pf whenever p E P {Z {M.)) satisfies p < po; 

3. pf -< pe whenever p E P {Z (A^)) satisfies p < 1 — po — Qq. 

For eJ'EP (Al) define z (e, f)EP{Z (Ai)) by setting z (e, /) = po + go- 
It should be observed that z (e, /) is also given by 

z{eJ) = \/{pEP (Z (Al)) : pe :< pf} . (28) 

Moreover, z {f , e) = 1 — Pq. This implies, in particular, that 

zif,e)>l-z{ej) 

and so, 

^(e,/)Vz(/,e) = l. (29) 

Let a E LSh (Al) with spectral measure e". For n E 'Z, define the central 
projections p^ and g" by setting 

p'^ = z (e" (-(X), n] ,6^(71 + 1, oo)) , g" = -2 (e° (n + 1, cx)) , e" (-oo, n]) . 

In the proof of Lemma 16.121 the following observation will be used. 

Lemma 6.11 // {e„}^-^ is a sequence of finite projections in Al such that 
e„ i and if p E P (Al) is such that p Cn for all n, then p = 0. 
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Proof. Since ei is finite and p ^ Ci, it follows that p is finite and so, the 
projection e = ei Vp is also finite. The reduced von Neumann algebra eA4e is 
finite, e„ | in eA^e and p ;^ e„ in eA4e for all n. Let T : eAie — Z (eAie) 
be the center- valued trace (see [9], Theorem 8.2.8). It follows from e„ | 
that T (cn) i 0, and p implies that T (p) < T (e„) for all n. Hence, 

T (p) = and so p = 0, which proves the lemma. ■ 

Lemma 6.12 The central projections {Pn}n& ^'^'^ {^n}n& satisfy: 
(i). V = 1 for all n G Z; 
(ii)- Pn Inez and tnez/ 
(^^^)- l\n&Vl = and Anez^n = 0. 

Proof, (i). This follows immediately from (l29ll . 

(ii) . If n G Z, then 

K+ie" (-00,72] < K+ie" (-00,^ + 1] 

;^ K+ie'^(n + 2,oo)<K+ieMn+l,oo) 

and so, it follows from ( l28i) that < p^. Similarly, 

g^e'^(n + 2,oo) < g^'^ (n + 1, oo) 

and hence, g° < q^+i- 

(iii) . Since a G LS'(A^), there exists a sequence {z^}^]^ in P {Z (J^)) 
such that t 1 and azk e S {M) for all A; G N. Defining poo e P (-Z (A1)) 
by Poo = f\n&zPn^ it follows that 

Pooc'' (-00, n] ;^ Pooc'' (n + 1, cx)) , neZ. (30) 

([9], Proposition 6.2.3). It follows from (l30l) that for each /c G N, 

Poo^^fcc"^''- (-00, n] < PooZkc""' (n + 1, oo) , n G Z. 

Let /c G N be fixed for the moment. Since az^ G S (M.), there exists no G N 
such that e"^* [uq + 1, oo) is a finite projection. Consequently, if m G Z and 
G N satisfies n > max (m, Wq), then 

PocZke"'" (-00, m] < Poo-2fee"^'= (-oo, ;^ Poo2;fce''^'= (n + 1, oo) 
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and so, it follows from Lemma 16.111 that Poo^k^"'^'' {—oo, m] = 0. Letting 
m I cxD, it follows that PooZk = for all k eN. Since Zk T 1, this implies that 
Poo = 0. This shows that Inez 0. 
Similarly, if g_oo = A„gz?n, then 

g-ooc" (n + 1, oo) ;^ g_ooe" (-oo,n] , n G Z, 
which implies that 

q^ocZkc"^" (n + 1, oo) ;^ q^^Zke"'" (-oo, n] , n G Z, 

for all k G N. If < 0, then e"^'= (— oo,^] < e'"^*^' [— n, oo). Since azk E 
S (M.), there exists no G Z such that e'"^''' [—n, oo) is a finite projection for 
all n < riQ. As above, it now follows that q-ooZk = for all k E N. Since 
Zk t 1; this implies that = 0. ■ 

The following general observation concerning Boolean algebras will be 
needed. 

Lemma 6.13 Let B be a complete Boolean algebra (with smallest element 
and largest element 1). 

(i). If and {Bn}„^^ are two sequences in B such that An Inez, 

Bn TneZ; t\n&L^n = 0, An.ez = and AnV Bn = 1 for all n, then 

VneZ {An^Bn+l) = l. 

(a). If {Aj}.^j is a countable family in B such that \j -^j Aj = 1, then there 
exists a disjoint family {Bj}j^j in B such that Bj < Aj for all j E J 
and \/j^jBj = 1. 

Proof, (i). It follows from A„ V S„ = 1 that A„ > B^ and 5„ > A^ for all 
n. This implies, in particular, that Bn tnez 1- Hence, for each n G Z, 

Voo 
, iBk+i\Bk) = 1 
k=n 

and so, 

{Bk+i\Bk) = B^. 

' k=n 

Consequently, 

V ,,(^"+l\^") = V ,.^n = l- 

It follows from An > B^ that 

An A Bn+1 > B'^A Bn+1 = Bn+l\Bn 
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and hence, 

V (A„ A = 1. 

(ii). Without loss of generality, it may be assumed that J = N. Defining 
Bi = Ai and 

B, = Aj\ (Ai V • ■ ■ V , J > 2, 

it is clear that the sequence {Bj}^^^ has the desired properties. ■ 

A combination of Lemma 16.121 and Lemma 16.131 (applied to the complete 
Boolean algebra of central projections in A4) yields the following result. 

Corollary 6.14 If a ^ LSh{M.), then there exists a disjoint sequence 
{zn}n£z (-^)) that Zn < PnQn+1 f^f all 71 E 'L and VneZ -2n = 1- 

Lemma 6.15 If a G LSh (A^) andn G Z satisfies e"' (—00, n] ^ e"' {n + 1, 00) 
and e" (ra + 2, 00) ^ (— 00, n + 1], then there exists a partial isometry 
V E M. such that 

\av — va\ + 1 > |a — (n + 1) 1| . 

Proof. Let Ui,U2 E Ai be partial isometries such that 

= e"(— oo,n] and Uiul < e"' {n + 1, 00) , 
= (n + 2, 00) and U2U2 < e"" {—oo,n + 1] . 

It should be observed that 

ulu2 = (e*^ (n + 1, 00) Ml)* (e" (— 00, 72 + 1] ^2) 
= ute" (n + 1, 00) e" (-00, n + 1] U2 = 

and hence, U2U1 = (u*M2)* = 0. Defining v = ui + U2, this implies that 

v*v = u^ui + U2M2 = {—00, n] + e" (n + 2, 00) 

and so, w is a partial isometry. 
Since 

\v*av — v*vaf = \v* {av — va)f = {av — va)* vv* [av — va) 
< {av — va)* {av — va) = \av — vaf , 

it follows that \v*av — v*va\ < \av — va\. Therefore, it is sufficient to show 
that 

\v*av — v*va\ + 1 > |a — (n + 1) 1| . (31) 



41 



It should be observed that v*v is a projection which commutes with a and 
that the operator v*av — v*va is self-adjoint. 
Note that 

u\au2 = (e" (ra + 1, oo) ui)* a (e" (— oo, n + 1] 1x2) 
= M^e" (ra + 1, 00) ae'' (-00, + 1] M2 = 

and hence, U2aui = {ulau2)* = 0. This implies that 

v*av = ulaui + ulau2 

and so, 

v*av — v*va = [ulaui — a] (—00, n] + [ulau2 — a] (n + 2, 00) . (32) 
Since 

ulaui = M*ae" (n + 1, 00) Ml > (n + 1) M*e" (n + 1, 00) Ml 
= (n + 1)m^Mi = (n + l)e" (-00,72] 

and 

ae" (-00, n] < ne" (-00, n] < {n + 1) e" (-00, n] , 
it follows that 

[ulaui - a] (-00, n] > - [a - (n + 1) 1] e" {-00, n] > 0. 

Similarly, 

ulau2 = u^ae'^ (—00, n + l]u2 < {n + 1) U2U2 = (n + 1) (n + 2, 00) 

and 

ae" (n + 2, cx)) > (n + 2) e° (n + 2, cx)) > (n + 1) e'' (n + 2, cx)) 

and so, 

- [u2au2 - a] e" {n + 2, 00) > [a - (n + 1) 1] e" (n + 2, 00) > 0. 
The above estimates, in combination with (l32l) . show that 

Iv^av - M*wa| > |a - (n + 1) 1| (e° (-00, n] + e'' (n + 2, 00)) . (33) 
Observe next that 

ne" (n, n + 2] < ae" (n, n + 2] < (n + 2) e'' (ra, n + 2] 
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and so, 

-e° (n, ?2 + 2] < [a - (ra + 1) 1] {n, n + 2] < e" (n, n + 2] . 
This implies that 

e" (n, n + 2] > |a - (n + 1) 1| e"" (ra, n + 2]. (34) 
Adding (PD and dSSD yields 

|f *af — f *f a| + (n, n + 2] > |a — (n + 1) 1| , 
from which (l3Ti) follows. The proof is complete. ■ 

Lemma 6.16 // a G LSh{M.), then there exist a partial isometry v E M 
and an operator ai G LSh (M.) such that a — a\E Z [LS {M)^ and 

\av — va\ + 1 > |ai| . 

Proof. Let the sequence in P (Z (tVI)) be as in Corollary 16.141 For 

each n, the operator az„ satisfies the conditions of Lemma [6. 151 (with respect 
to the reduced von Neumann algebra Consequently, for each n G Z 

there exists a partial isometry f„ G M.Zn such that 

\[aZn) Vn - Vn {aZn) \ + Zn > \aZn - (^ + 1) Z„| . 

Defining the partial isometry f G by setting v = J^nez'^riZn, the operator 
b E Z {LS (A^))/j hy b = Ylin& + -'-) ^^"^ ai = a — 6, it follows that 
a-ai = beZ{LS {M)),^ and 

\av — va\ + 1 > \ai \ . 

The proof of the lemma is complete. ■ 

We are now in a position to prove the already advertised proposition. 

Proposition 6.17 Let A he a *-subalgebra of LS (Ai) such that Ai ^ A 
and A is absolutely solid (that is, if x & LS (M) and y E A satisfy \x\ < \y\, 
then X G A). If w G LS (Ai) is such that [w,x] G A for all x E A, then 
there exists Wi & A such that [w,x] = [wi, x] for all x & A. 

Proof. First observe that = — G A for all x E A. Conse- 

quently, Re w and Im w satisfy the hypothesis of the proposition. Therefore, 
without loss of generality, it may be assumed that w is self-adjoint. It follows 
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from Lemma [6. 161 that there exists a partial isometry v & Ai and an operator 
Wi G LS (Ai) such that w — Wi E Z {LSh (A^)) and | [w, f]| + 1 > \wi\. Since 
+ 1 G the assumptions on A imply that Wi G A. Finally, since 
w — wi E Z {LSh (Ai)), it is also clear that [w,x] = [wi, x] for all x E A. M 

Combining Proposition 16.171 with Corollary 16.81 and Corollary 16.91 we ob- 
tain the following results. 

Corollary 6.18 Let H be a separable Hilbert space, (S", S, z/) be a a-finite 
measure space and M. = L^o (z/) {H). Any Z {M.)-linear derivation on 
each of the algebras LS (A^), 5* (Ai) or S (r) is inner. 

Proof. For the algebra LS (Ai), this is already stated in Corollary 16.81 
Since the algebras S {A4) and S (r) are solid in LS (At) and Ai is contained 
in both algebras, the result follows from Corollary 16.81 in combination with 
Proposition 16.171 ■ 

Corollary 6.19 Let H be a separable infinite dimensional Hilbert space, 
{S, S, I/) be a a-finite measure space and Ai = L^o (i^) (H). Any deriva- 
tion on each of the algebras LS (Ai), S (Ai) or S (r) is inner. 

It should be noted that a derivation on 5*0 (t) need not be inner. Indeed, 
assuming that H is infinite dimensional, let p G P [B [H)) be such that 
tr (p) = tr (1 — = oo and define w E P (Ai) hj w = Xs P- It is easily 
verified that the derivation 6 in 5*0 (r), given by 6 (/) = wf — fw, f E So (r), 
is not inner. 

Remark 6.20 It should be observed that if Ai = L^ {v) ®B {H), where 
S = [0, 1] equipped with Lebesgue measure v and H is an infinite dimensional 
separable Hilbert space, then 

Ai <^ S {t) S {Ai) <^ LS{M). 

To verify this claim, we make the following observations. 

(a) . Let Pq E B (H) be a rank one projection and a E Lq (u). Define f E 

L7 {u; B (H)) = LS (Ai) by setting f = a®pQ. Since r (1 (g) po) = 1 
and f (1 ® po)~'~ = 0, it is clear that f E Sq (t) C S'(r). If a ^ Loo (i^), 
then f ^ M. Hence, Ai ^ S (t). 

(b) . Let f E L^°{u;B{H)) be such that / (s) G K (H) u-a.e. on S and 

let e'-^' be the spectral measure of \f\ (see Corollary \6.6\) . Defining 
Pn = e'-^' (n, oo), n E N, it follows that pn (s) = e'-^'^'*^! (n, oo) is a finite 
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rank projection for u-almost all s ^ S and hence, by Lemma \6.1\ Pn is 
a finite projection in M.. Since fp^ G M. for all n and p^ ] 1 in J^, 
it follows that f E S (M). 

For n E N, define the intervals In by In = (2^"", 2^"+^] and let qn € 
P {B (H)) be such that tr = 2". Let f e (z/; B (H))^ be defined 
by setting 

oo 

/ = X] ^^In ® (In, 
n=l 

as a pointwise convergent series. // < A G M and s G /„, then 
e^^^^ (A, oo) = e""^" (A, oo), which is equal to qn if < X < n and equal 
to if \>n. Consequently, 

T [e^ (A, oo)) = ^ tr (g„) v {In) = oo 

n>X 

for all X > 0. This shows that f ^ S (t) and hence, S (t) <^ S (M.)- 

It should be observed that the function g G (u; B (H))^ , given by 
9 — Yl'^=i Xi„ ® Qn, takes its values in F {H) but, r (e^ (A, oo)) = oo 
whenever < A < 1 and so, g ^ Sq (r). 

(c). If a E Lq (u), then it is clear that a ® 1 E LS {Ai)- We claim that 
a^l E S (Ai) only if a E Loo(z^)- Indeed, ifa®l E S{M.), then there 
exists a projection p E P {M.) such that {a®l)p E L]!^ {u; B (H)) 
and p^ is finite (that is, p{s)'^ is finite rank v-a.e.). Define the v- 
measurable set A O S by setting 

A = {sES:\ais)\>Ua®l)p\U. 

Since \a {s)\ \\p {s)\\^^jj-^ < \\{a^l)p\\^ u-a.e. on S, it follows that 

p{s) = v-a.e. on A, that is, p{s)'^ = 1 v-a.e. on A. Con- 
sequently, V (S) = and hence, a E Loq{v). It is now clear that 
S{M) g LS {M). 

Remark 6.21 As follows from Corollary \6.1S[ any derivation 6 in LS {Ai), 
S (At) or S{t), where Ai = L^oiv) ®B {H), is inner and hence, 5 is Z- 
linear. The main ingredient to obtain this Z-linearity has been Proposition 
\5.S^ (and Remark \5.1C^ . In the setting of von Neumann algebra, the Z- 
linearity of derivations also follows from the following proposition, which is 
of interest in its own right. The proof of this proposition follows the same 
lines as the proof of Proposition \5. although there are some non-trivial other 
ingredients. However, in view of the length of the present paper, a detailed 
proof of this proposition will appear elsewhere. 
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Proposition 6.22 Suppose that M. is properly infinite, that is, every non- 
zero projection in P {Z (M.)) is infinite (with respect to M.). Let A C 
LS {Ai) he a *-subalgebra such that C. A. If 5 : A ^ A is a deriva- 
tion, then S is Z-linear. 

A typical example of a von Neumann algebra Ai which satisfies the conditions 

of the previous proposition is A4 = L^o (z^) ^Af, where Af is a factor for 
which Ij^ is infinite. Indeed, if ^ p E Z {Ai), then p = Xa® '^N /c"" some 
projection Xa ^ -^oo(^)- Since is infinite, there exists q G -P (A/") such 
that q 7^ Ij^ and q ~ l^v"- This implies that Xa® 1 < P Xa® 1 ^ P- 
Hence, p is an infinite projection in Ai. 
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